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Introduction. 
Silicx. its iiit,rod~lction by Happrl and Ringel, t,he chss of t,ilt,cd algebras has at,tractid a 
lot of interest in represent,at,ioii t,heory (see, for inst,aniq [9, 10, 11. 161). Arnorig ot1ic.r 
tliings. it was sliowi tliat t,he A~~slailtler-Reitt~n qniver r(inoc1 A) of a tiltrtl algc,l)ra A 
contains p~st~projective, prei~lject~ive and cminec,ting co~iiponents. If, f~lrt.herrnore. A 
is represelltation-finite, then r (mod '4) consists of a tinique t.onlponent,, and tlie orbit 
graph of r'(nioc1 A) is a t,ree if and only if A is simply connect,ed (in tlie sriise of [4]); or 
eql~i.ialent,ly, A sat,isfies the ~eparat~ion condition of [3]. In t,he represe~it,at,ion-i~ifi~iite 
case. however, the simple connecked algebras are not well-t~nderst,ood. This was t,he 
reason for the introdilctio~i of a more accessible stibi~lass, that of the st,rongly simply 
t.oiincc~ted algebras. L f ~ t  .4 be a finit,e dinlcrlsiorinl Imic and mnnwtecl idgcl)ra over 
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an algf+raically c,losed field k thell, 3.3 ol~srrved ill [-I], the illg('I)l.i~ .A ('ill1 (Y]lli\~id~lltly 
t ~ c .  cmisidcred as a k-c,atcxgory. It is said t,o he str.ong1g s~rry ly  conr~~c.tfd if its orcliuary 
quiver liirs ~ i o  orii?nt,r(l c.yc,lt's iu~d ,  for c~iuh fill1 c.o~~vc:x s ~ ~ l ) c ~ i l t c ~ g o ~  B of .4, tlic first 
Hoc~lischild c~o!~oriiology group H1 (B) with c~ocfficii~i~ts in tlic, ki~iiothdt~ l jBH \ . i i~ii~Ii(:~ 
(for eqiii\dent defiriit,ions and c~liarac~terisations, WP refer thc: rt:atlvr to 117. 21). If A 
is rc~)rese~it,atio~i-fi~iite, t,hen it is strongly simply c~o~~~irvtet l  i f  mtl o d y  if it is simply 
I . O I I I I ( Y . ~ ~ ~ ;  or if imc1 only if it siitisfit!~ the, sq)ix:~tio~l c,o~~tlitio~i. 

It was showri in [l] that,; if A is a strongly siriiply c:oriliec+td tilt,etl algct~ra thcii 
t,he orbit graph of each of the postprojcctive, the prcirljcc+ivr ~ l i t l  tlw c.omrc~ting 
c.omporierlt,s of I'(niod A) is a t,ree. hIorc rc~ciit,ly, and mow gcwriilly. it tvas s11o~v1i 
in [5] that,, if A is a (not necessarily W e d )  strongly simply c~o~incc~trd algc4)ra. t l i ( ~ i  
tlic) orbit graph of any convex direct,ing compone~~t  of r (mod .A) is a tree. The aim 
of the present paper is to provide cxriteria allowing to recoglike wlletlw a tame tilted 
algebra is strongly sirriply com1ec:ted or not. 

Theorem. Let A be a tame tzlted algebra. The follounng condzt~ons are equzvalrnt 

(a)  .4 25 stlanyly szmnply connected. 

(h )  The orbzt graph of each of the postprojectwe the p ~ e z n p  tuie and the connec tzng 
compon. , ~ t s  of 1-(iiiod A) IS a tree 

(c) H1(A) = 0, and A contains no  full conwz  subcategory uihich rs h e r e d ~ t a ~ g  of 
tqpe A,, . 

(d) A satisfies the separation con.ditior1 and contains no full convex subcutegory 
urhzch is hereditary of type Am. 

R% point out that each of the stat,ed c:onditions depends oiily on A. arid not on all 
it,s fill1 convex silbcategories. Also, we notice that,, in concret,e exaniplcs, condit,ion 
(d) is part,iciilarly easy to verify. 

The paper is organised as follows. Aft,er recalling ciefir~itio~is ant1 proving sonie 
preliminary resi~lt,s in section 1: we consider the tame tilted a1gehra.s in section 2. 
Section 3 is d3.i-~-_1 A _  il_- _...__ C - C  L L  -I_-__,_ . . _ _ _ I  ,,._.L:,.-. 1 + -  ~ 1 . -  & : . . . _ I  .- 

c \ u k , c u  ku ~ i t .  ~ L U U L  UI u t u  I . I IC~JICIIL  a l J u \  c, n l i u  a c t  ~ l u l l  t I u I ut- pnl 1.11 I I I ~ L  

case of the si~ic-ere t,arne tilted algebras. 
This work was done during a visit of t,he third nariied ai~t,lior t,o t,hc University 

of Sherbrooke. He grat,efillly acknowledges sltpport from NSERC of Ca~iatla ant1 
DGAPA, UNAhI, h'Ii.xico. The first t,wo al~t,hors grat,rfi~lly ack~lonledge partial siip- 
port froin t,he NSERC of Canada and t,he FCAR of QiiPbec~. 

1. Notation and preliminary results. 

1.1. Notation. Tliroi~gl~ol~t, this paper, k: will titmotc ii fixc~l iilgt~1~ri~ic~;~Ily c,lost~I 
field. By algebra is meant a basic: a i d  c:on~:c.t,ed finite dirrlerisiorlal assoc.iativc' A,- 
algebra wit,h an identity, and by modi~le a finitely geiieratccl right ~ i i o t l ~ ~ l e .  WC sonlc- 
t,irrles consider an algebra A as a I;-catgory, whose 0bjec.t set is tleiiotetl by Ao. as in 
[4]. A fill1 subcat,eg;ory C of A is cdleti conzm if, for m y  path NO + nl - . . . ut 
in A, wit,h no, at 6 C'(,, we have a, Co for all i. For a11 iilgt41ra A, wc tlenotc by 
niod A it,s riiodule cat,egory arid by P, (or I,, or S,.) tlir: iiiclc~c~orii~)osiihlo projc:c,tive 
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(or injecti\re, or simple, re~pect~ively) module corresponding t,o z E A,,. \li: 11s~ frcc'ly 
and nit,ho~it fi~rt,lier reference properties of  nod A, t,llr> Anslander-Rcitcn t,l.anslatiou 
i-1 = DTr and r;' = Tr D ,  and t,he Allslander-Reit,en quiver !?(mod .A) of A. as can 
be fo~lnd, for inst,ance, on [14]. 

1.2. Tilted algebras. Let A be a finit,e conncct,etl qliiver witlio~it orient,ed cycks, 
an algebra ,A is t i l ted of t ype  A if t,here exists a tilting modnle T over t,he pat>l~ algebra 
kA s11c11 that, A = EndTkA. Tilted algebras are c,harac:terised hy the cxistcnc.e of 
comple t e  slices in a component of their Anslander-Rcitcn quiver, cdled connectzng 
c o m p o n e n t  [14]. A tilted algebra has at  most t,wo c:onnecting compoiient~s and, if 
it l ~ a s  two, then it is a concealed algebra, t,liat is, it is t,he endomorphism algebra 
of a postprojective (or preinject,izre) tiking module [15]. The st,rl~c,ture of l?(riiod -4) 
for a tilted algebra A was given in [8] as follows. If A is not c.onc.ealrtf, and C A  
is its ~lniqne connecting component, t,hen t , l~e lej? e n d  alyehra ,A i f  A is tiefilled a 

I \ 

,A = End ( @ P , )  If A is i:oncealed, then , 4  = A Ui lime ,A = fi A,, where 
P=#Ca 2=1  

each A, is a tllted algebra having a cornplete slice in it,s preinjec~tive coniponent~. The 
r ight  e n d  algebru A, is defined dually. Then I'(inod A)  has the following sllape 

It consists of postprojective components Pl, . . . , Pl,  preii~jective components 
G71, . . . . JS,, the c:onnect,ing component, C,?; families of right st,able corriponent,~ 
Ri ,  . . . , Rt anti families of left stable c.oniporicnts &,, . . . , L,. 

We denote by B, t,he sipport algebra of t,he postproject,ive component P, (1 5 
i 5 t ) ,  t,hat is, t,he fill1 cowex sl~bcategory of A gencmtd by t,liose z E A, silch t,llat 
P, E P,. In case C,4 is not post,projective, it is easily seen tlmt B, is t,hc yuot,ient of 
-4, by those 3: E (A,);  sndi that P, E R,. 

1.3. Orbit graphs. .An indec:o~nposable A-modi~lc M is called d i~ , ec t zng  if t,herc ex- 
I f ists no seql1enc.e A f  = Ahl --i-, A l l  + . . . -A A f t  = d.1 of 1ioi1-zero non-isornor~~hisilis 

t)et,wcm i~~tlecomposable A-motliiles. A c:oinponent I' of !?(mod A) is (,tilled drrect- 
zny if all , q l  in r arc3 tlirccting. hIoreovc:r, r is c,allecl con7ic:.c if, in any sc:q~~c:nc.o 

I Jl hfo -& ;\I1 - . . . - of non-zero non-isornor~jhisrris I)et,wetrn indec~o~ripos;tl)le 
A-modi~les wit,li ATo, kit in !?, then all Arl, lie in T.  Exan1p1t.s of (.onvex tlirccting (.om- 
ponent,s are the postprojective, prei~ljcc+ve a i d  cmnec,t.iilg con~pononts of a t i l t d  
algcl~ra (see for i i i s t~a lu  [13]). 
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Given a component I? of r(1nod A), the orbzt graph O ( r )  is defined as f o l l o ~ s  the 
pomts of O ( r )  are the r4-orb~ts  A i r  of .4-1nodnlce A1 in r, and t l m ~  mists ;III c~ lgc  
d l T  - h i  whenever thele is an airow 1x1 I' of the form r2Al --+ riAi 01 T ~ N  + r ? J I  
fol some a, b E Z. 

Theorem [ 5 ] .  Let A be a strongly szmply connected alg~bra (and r he a convez dl- 
wrtzng roinponent of r ( m o d d ) ,  then O(r) 1s a t i te  0 

1.4. Proposition. Let A be a tzlted algebra, and CA be a connectzng component of 
r (modA) ,  then O(CA) zs a tree zf and only zf H1(A) = 0. 

Proof: Let C be a complete slice in CA.  Then A is tilted of typc Cop.  By [7, (4.2)], 
we have H '  (A) = H'(kC0P). By [7, (l.G)], we deduce that H1(.4) = 0 if ant1 only if 
C is a t ~ e e .  U 

The res~ilt,s of [I] are in fact a direct conseqllencc of t,he above proposition. They 
niay be presented (and generalised) as follows: 

Corollary. Let 4 be a tilted algebra. The follo~iizng conditions are eqr~iuulcnt: 

(a)  A is strongly szmply connected. 

(b)  For every full convex subcategory B of A, the graph (3(CR) is a tree 

(0 For every full convex subcategory B of 4 ,  and euery dzrectzng component r of 
r(rnod B). the graph O ( r )  zs a tree 

Proof: By [G, (III.6.5)], any fill1 convex s~ibcat,egory of a t,ilt,ed algebra is itself t,ilt,ed. 
The equiw1enc.e of (a) and (b) follows directly from t,he above proposition. Sirre ((:) 
irnplies (b) trivially, we show that (h) implies (c:). Let B be a fill1 (,onvex slihc.ategory 
of A, and I? be a directing component of r (mod B).  LVe let B' = B I A m l ' ,  where 
Allill? = {b E B 1 d f b  = 0 for all hI E r )  is an ideal of B. It is easily shown t h ~ t  B' 
is a f1111 convex s~ibcat,egory of A, hence it. is t,iltetl, and r is a coliriec~ti~ig c'onipor~ent~ 
of r(iiiod B') (see, for example, [lo, (2.4)] [18, (XI)]).  Thr: rcwilt follows. 0 

1.5. To compiit,e t,he Hochschild cohomology grollps, t,hc following is ~~sc!fid. Lt.t A 
be a one-point extension of an algebra B by a B-mod~ile M, that is, A = B[Al] = [lt f ]  with the ~ w i a l  matrix operations. Then B is a full co11ri.x suIx.at~egory of 

A. It  is shown in [7, (5.3)] t,hat t,here is an exact seqlielice 

Lemma. Let A = B [ M ]  be tilted of type A, uihere A is a tree. T h e n  B is tilted o f  
t~.ee bype zf and only if ~xt,;(lZI, A i )  = 0. 
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Proof If A IS a tree, then H 1 ( A )  = H ( L A )  = 0 for all 2 > 1. by [7, (1 G ) ]  The type 
C of B is a tiee if a i d  oidy if 0 = H1(kC) H1(B) 2 Exth(di d l )  0 

Examples: (a) Let A be given by the qniver 

bolind by a 3 ~ ~ 6 ~  = 0 and 3y101 = i i j ~ 6 ~ .  Then A is a tilted algebra whose connecting 
c ~ ) l ~ i p o ~ ~ m t  C.,, contitills the fill1 si~bqi~iver 

Thus the orbit graph of CA is the t,ree 

In particular, H1(A) = 0. Also, l?(niod -4) cont,ains a nniqi~e postprojective corn- 
ponent P, which is t,hat of t,he algebra B = A/(el) ,  and n ~nl iq~ie  prc:ii!jecti\~e (.om- 
pgllc:lt J-, .?&.hich is that of ,R1 = a i l  A / / - - \  ,-,,. Uqce L A L A  

Clcaily, A is not stlo~lgly sirnply ( onnet tetl. No~eovcr. H 1 ( B )  # 0 
(b) Let A he given by the quiver 
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bound by n ip l  = 0, a2PZ = 0. Then A  is t,ilt,ed and C?(CA) is t,he graph 

In part,icular, H1(A) # 0. On t,he ot,her hand, the post,projec-tive and preinjective 
component,s of r(rnod A) have t,ree orbit graphs, naniely, the orbit graph of cwch is 

2. Tame tilted algebras. 

2.1. IVe st,art with some considerations that are wi~ll-known to specialists, and are 
inchlded for t,he convenience of the reader. Let (r, r) he a t,ra~islation cp~ivcr. A poiut 
n: in r is a ,ray vertex if t,here is an infinit,e scc.tiona1 path .C = .r1 -+ .1:2 + . . . 4 

2, + . . . on I?, which is called a ray st,arting at  s ,  sllch t.l~at,. for ally i > 0. th(' path 
x = xl -+ x2 + . . . + xi is the only sect,ional path of lcligtll i st,arting at x. 

Let x be a ray vert,ex in r ,  and n > 0. We define a translation q~iiver r ( s ,  n  ) az 
follows. The points of r ( x , n )  are t,hose of r ,  arid additional points z,,, wit11 i > 1. 
1 < j < n .  The arrows of r ( x ,  n )  are those of r except those stnrting at .r, other 
than x, -+ X,+I (for i 2 l), and addit,ional arrows as in the followi~~g figire 

The translat,ion of r ( z ,  n,) is defined in t,he obviolls way. If t,he process is carried o~lt,  
ind~~c,tivcly, t,he11 r ( x l ,  n , )  . . . (n:,, n,) is said to h: ol)tainccl from r by a secllwnce of 
m y  rnsertiorls [Id]. 1% tlcfinc tll~ally (ways ttntl car i iy  ilist,rtiolls. 

Lemma. Lct r' br' a stantlaid r:orn,pon,crrt of r(rnotl A )  such thtrf, us trrrr~,.sltrtron 
q t x ~ c r ,  1" = r ( , r , r ~ ) .  C'ort,.sy,ilt,r. th(: r ~ ~ t ~ / i ~ ( ~ o ~ t ~ / ~ o , ~ t ~ l ~ / t ~  p i ~ o , / t ~ ~ / ~ ~ ~ i ~  l!, ( ,OI , I ,~ , ,Y / IOI I / / I I I ! /  1 0  
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the poznt znl zn r ' .  Asaume that, for all zndrrornposuble project~oes P, not 211 r', 11 e 
hazle Horn4(P,,P,) = 0 Then 

(a) s I S  a source In the quzzrer of A 

(b) Lettzng B = A/(e,), u e  haue that r 1s a standard component of rjniod B )  
F~~i thernlore ,  the module corrr.~pondmg to a p o d  y z r l  I' zs the motlulc ? ( ! I )  2n 
r' u l w e  1. r - I" z i  the obruo~~s  cjmbeddlng 

Proof: The proof is straightforward, we j i~st  indicat,e t,he main st,eps. 1% use t,lie 
notation abwe,  and dcnote by Al(y) t,he A-mod111e c~orrespoiidii~g t,o the point 9 in 
r'. Sirre (a)  follows frorn t,he ass~~niption on P,, arid t,Iie st,wndardwss of T'; we 
~ 1 1 ~ ~  (11). 

Clearly, any irredncibie morphism f: !If - N i11 I" s1ic11 that n~itlier 121 nor :V 
lies ill the support of Ho~il.~(P,.  - ) I r ,  remains irretl~rible in mod B. \Ve tlills have to 
show that the se ilences 

31 0 + , l l (xl)  --+ M(x2) 5 M ( r - I s l )  -+ 0 and 

Liz 1 Iql+ ~ ~ f : - ~ l  
0 - A1(xz) - Al(x,+l) g Al(~; lx,-~)  - A~(T;'.L,) --i D for i > 2 ;w 

almost split iri mod B, where f,: 31(x,) -+ M ( X , + ~ )  and f,': M(T,T'X,) -+ dl(r; ' .~,+~). 
for i 2 1 are the irred~~cible niorphisnis in mod A, as given in I?', and g,+l: Al(.c,+l) 
:ZI(r<'x,) is tlie composition of t,he n + 1 irredl~cible morphisms in l?' on tlie path 
:~I(LL.,+~) + A\1(2n+,-1,1) + ... + ? - I ( Z , + ~ , ~ )  - ~\~(TI; 'x,) (whenever x, is non- 
injec.tix-e; otherwise t,he non-zero morphism on the left of the sequence is left, 'almost 
split). 

Since t,he exact,ness of t,he sequences is easily shown, we must prove that any 
r~iorpliisru f :  hl(x,)  + .V in mod B, w1iic:h is not a sect,iorl, ft~ctors tlirol~gli the 
middle term of the above sequence. If i = 1, there exists a morphism [h', h"]: 1\l(x2) G 
P, -+ N si~ch t,hat f = hlfl + hy, where j :  M ( s l )  + P, is the incl~~sion. Howrwr, 
HomA(P,; N) = 0 yields h" = 0 arid f = h' f l .  If i > 1, t,here exists a morpliism 
[hi, ht]: lZ!(r,+l) ;Fi .U(kr,;,-l,l) -+ N sl~c-h t,hat h = h:fi + h:_o,!: where _ a z ! :  A1(xt) -+ 

hI(z,+,_l,l) is the obvio~is irredl~cible morphism. Fac:t,orising s~~cxcssively h: t l i ro~~gli  
the modules 3l(~,,+,-n,s), . . . . A.1 (z,,,), A~(T;'X,) yields t,he resdt . 0 

2.2. By [9], the connected components of the Anslander-Reiten q ~ ~ i v e r  of a tilted 
algebra are eit,her directing, st,able of type ZA, or ZA,/(rn) (for some n > 0) or are 
obtained by ray or coray insations from cornpolients of type ZA, or ZA,/(rn). If 
in part,ic~ilar, A is a t,ame tilted algebra, t,heii t,he  component,^ of r (mod A) are either 
directing, st,able t , ~ ~ b e s ,  ray tltbes or coray tubes. We need t, l~e followirig leniriia and 
its dual, for which we use t,he not,at,ioti of (1.2). 

Lemma. Let A be a tame tzlted algebra which is not concealed such and that C,, is 
not postprojective, then, f o ~  each 1 5 i 5 t ,  

(a) A, is a tdted algebra of Euclideaw type. 

(b) B, zs a tame concealed algebra, arid A, i s  a rlorriestic t d u l a i  e.ctension of B, .  
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Proof: Let P, be a postproject,ive c.omponent of ~ ( n i o t i  A). Since P, # C4;  tlicre are 
no injective A-modules in R ,  or P,. Hcnc,e by [8,  (4.2)], A, = E d T t I ,  wliwe H is 
a tame llcreditary algebra and T is a t,ilting H-nlot l l~l~ witlioilt prci~i,j(~c~tivo dire(+ 
s~lrllr~lantls. By [14. (4.9)]; '4, is a dornestic. t111111li~r i t l ~ ~ l ~ r i ~ ,  tliat is, R t,iltrcl i t lg~hr ;~  
of E~~c.lidcan t.ype. The algcbra B, is obtai~iid from A ,  ty tl(bl(%ti~~g those L E (rl,)ll 
s l~ch that P, E R,. Since R ,  is a standard ortliogonal t~iljllliw ftunily [l-l], we apply 
rrpeatedly (2.1) to get that t,he t,ubes it1 r(niod B,) iirc stablr. Hcwc. it11 injwtivc 
B,-niocl~~les lie in t,he preinjective romponelit. Th is  r(uiod U,) has t,wo c ~ ~ l ~ l ) m c n t s  
with c,or~ipletc slices: B, is concealed. 0 

2.3. Proposition. Let A be a tame tzlted algebra i h c h  1s not toncralcd. Thr  fol 
lotozng condzt~ons are equzvalent: 

(a) The postprojectzve and preznjectzve components of ~ ( i n o t l  A) ~lihlt h are tlzffe~ent 
fiorn C 4  huve tree o ~ b z t  graphs 

( b )  The  st~pport  algebra of any  postprolectzvr or p iemje~tzoe  con~poircnt ~ i ~ h i c h  1s 
dzfferent from C 4  rs tame concealed of type fD,, or Ik, ( p  = G,7,8). 

(c) A contazns no  full convex subcategory ii~hzch 2s hered~tury of type &, 
Proof: Thc ~qniva1enc.e of (a) and (b) follows from (2.2) and its d ~ d .  That (c) iriiplics 
(b) follows froui t,he fact t,liat t,he snpport algcbra, of a postproj(:c.tive, or a. preitij(~ctive 
cwuponent,. is a full convex snbcat,egory of A. 111 ortlcr to sliow that ( I ) )  iniplic~s (c), 
let C be a full convex snbcat,egory of A which is lieredit,ary of type A,. Let. 
be an infinit,e family of pairwise non-isomorphic indecomposable C-niodnles wit,h the 
same dimension-vect,or. Observe that the MA are ncctssarily sincere C-~riotl~lles. By 
(1.2): t,he family lies in one of R1;. . . , R, or L l ,  . . . , C,. Assume that 111~ E R 1  
for all A. LVe may assnme that all the A& lie in st,able tubes. For any x E Co, we 
h a w  Homa(P,, MA) # 0. Hence P, E PI and C is c o ~ h i n e d  in the si~pport algebra 
Bi  of PI. Since Bi is concealed, t,hen B1 = C, a cont,radiction. 0 

2.4. Proposition. Let A be a tame tzlted algeb~a and aasume that 4 = B[Al] ant1 
that the postprojectme and connectzng components of r(rnod '4) have trer 07 bzt graph5 
T h r n  H1(B) = 0 

Proof: We assnme t,l~at H1(R)  $ 0 t,o obt,ain a cont,radiction. By (1.4). ure 11avc 
H1(A) = 0. Hence (1.5) implies t,hat Ext,b(dl; ,ZI) # 0. 

1% rise the descript~ion of r(rnod B)  arid t.he not,ation of (1.2). 11'c c.1ain1 t,hat 
t,here exist some 1 5 i < t s~lch t,hat A1 is a regl~lar l i o i n o g r l ~ r ~ ~ ~ ~ s  L1,-1nothlle. 

First,, we observe t,hat t > 1 and that AI belongs to one of the families R,. 
1 5 i < t .  To show t,his, assltnle t,hat A I  t C,. Then CB remains a (.omponerit in 
rjniod A) and it is not c.onnect,ing in r (modA) .  Since A is a tilted algebra. Co is 
postprojective in I'(rnotl B). The tiypot~hesis iruplies that C g  has a t,rcxr orbit grtrpl~, 
11enc.e H1(B)  = 0, a contradiction. Hence, we may assume thar 111 E R1. 

We now show t,hat h l  is a B1-mod~lle. Sinc.e 111 is not tlirrcthg as a B-niotl~~le 
(and hence as an A-riiodl~le), the component I? of r(rnoci A) whrw A1 lies is a ray t11hc3 
(1)y (2.2) and the fac.t that,, if P is the projrctivc i l - ~ n o t l ~ ~ l c  S I I ~ I  that A 1  = r;ttlP, 
then P licts in I?). By (2.1), t,lwrct are cxttckly I\vo arrows of so~~rc.ct .\I i l l  1'; 11il111('ly 
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A 1  + P and A 1  -+ A' (say). By (2.2) again, Al + N is t,lie 111iicpe arrow of sollrcx3 
Af oil T(niod B ) .  Therefore 111 does not lie on rays st,arthg at projcc.tive rnod~~lcs  in 
R 1 ,  tliitt is. d l  is a. Bl-niod~ile. The same argi~iiteiit sliow that ill lies on the iiionth 
of a t ~ l b e  in T(lilod B1). Si1ic.e ExtL(h1, A1) + 0; tliat t i h e  is ac.tilally lioniogerieo~~s. 
This c.ornpletes tlie proof of our daini. 

By (2.3) and our hypot,hesis, B1 is concealed of t,ype I&, or E, ( p  = 6; 7,8) .  On 
the other llandi Bl[Al] is tame, bec.ause it is a full convex sltb(.atcgory of t,hc tame 
algebra 4. This implies that the tilbular type of Bl [dl] is (2 .2,2.2)  (t,liat is. the 
t ~ ~ b n l a r  type of B1 is ( 2 , 2 ,  '2)) and t,hm B1[M] is a tub~llar algebra. Tliis c.oiitradicts 
tlie fact that. since it is a fill1 convex s~lbcat,egory of the t,ilted algebra A, B1[,21] is 
it,self tilt,ed [G. (III.G.S)]. 0 

3. Proof of the theorem. 
Siiite the fom conditions in our theolem are clearly eqnivalerit for tame con( ealed 
algebras. we may assume that oilr algebra is riot ( oncealed. 

3.1. \Ve first show the eqi~ivalerice of the first three condit,ions. That (a)  iniplies (h) 
follows from (1.3). The eq~ivalence of (b) and (c) follo~vs from (1.4) and (2.3). There 
remains to sliow that (b) implies (a).  Let, B be a conricc.ted fill1 convex silbrategory 
of A. \Ye prove by descending ind~~r t~ ion  on the number IB,,l of objects of B tliat 
all the direct,irig c:omporient,s of r'(mod B )  have t,ree orbit graphs. The strong sin~ple 
connectedness of A t,hen follows from (1.4). 

If IBol = lAol, the desired proprrt,y is grantfed by hypot,hesis. Clearly, it is enough 
to cm~sidrr the (,as(> whcre A = B[M] alid sllow tlic c~orrtq)ontlirig: propt:rty for l3. Uy 
(2.4). H 1 ( B )  = 0 arid (1.4) yields t,hat the connecting component of T(niod B)  has a 
tree orbit grapli. Since we have already shown t,hat (b) implies (c), A c,ontai~is no full 
convex sirbcat,egory which is heredihry of t,ype A,. Hence neither does B .  Since B 
is t,anie tilted, (2.3) implies that t,he post,project,ive and the preirijec~tivr con~ponents 
of r ( m o d  B )  ha1.e tree orbit graphs. 0 

3.2. We now show t,hc equivalence of the first t,hree c~ndit~ions wit,h t,he last one. 
Clearly, (a) implies (d). We sliow that (d) iniplies (b). Again, we use the description 
of r(rnod.4) and t>he notat,ion of (1.2). By hypot,hesis arid (2.3), the postproject,ive 
and the preinject,ive component,s distinct from C..l have t,ree orbit graphs. We now 
prove t,liat 6(Ca)  is a tree. 

Since A is t,ame, it follows from [l6] t,hat C,4 is not r~gular .  Tl im an arbitrary 
cornplet,e slice C cont,ains a motlule which is not left st,al)le or a iriod~dc wliicll is 
riot right st,able. Up t,o d~lalit~y, we may assume that C c.orit,ains a iliotlnle which 
is not left st,able. Applying repeat,edly T, yields a complet,e slice C' cont,aining a 
project,ive module Pa such that,, for any project,ive P, on C', we have H01nA(P,, p,) = 

0. This iniplies t,hat,, for any projective A-niodule PyyP,, we have HomA(P,, P,) = 0: 
indeed, if H o ~ . ~ ( P , ,  P,) + 0, t,he sincerit,y of C' yields a mod111e A 1  on C' s i ~ h  t,hat, 
H O ~ ~ . ~ ( P , ,  Al) # 0, and t,he convexity of C' implies t,liat P, E C', a cmtradiction. 

Let rad Pa = A l l  t; . . . $ hl,,,, where M I ,  . . . , Al,, are iiidec:orriposa~)lc. By 1iypot,l1- 
esis, A sat,isfies t,he separation c-ondit~ion, t,hlis, since a is a sollrce ill t,llc cpivcr of 
A; we hare A/(e , )  = D l  x . . . x D,,, s11c4i t , h t  M7 is an i ~ ~ t l e c ~ o ~ ~ ~ p o s ; ~ l > l ( ~  D,-r~lotl~llr:, 
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for each 1 < z 5 m. Clearly, D, is a tilted algebia and by 1131. d l ,  l~elongs to tlir 
(onnec tmg corr~por~ent en, .  Then (3(CA) IS obtaniccf ds the g~,tph 

Each D,, with 1 < i 5 m, is a tame tilted algebra sat,isfying (d) (bwanse Dl x . . . x Dm 
is obt,ained froni A by delet,ing t,he source a ) .  By irid~~ction, O(Co,) is a tree and l i~ncc  
so is O(Ca). This c:on~plet,es t,he proof. 0 

4. Sincere tame tilted algebras. 

4.1. Let A be a t,ame t,ilted algebra wit,h post,project,ive cornponent,s PI : . . . , Pt and 
preinjwtive components Zl , .  . . ,Z,. If CA is neither postprojec.tive nor preinjectivr; 
then AL, = s + t is t , l~e innnber of onc-parainet,crs for A; if C., is postproj(~tive t hc~i  
t = 1 and p A  = s while if C,., is preirijec:tivr, t lmi s = 1 and p,, = t .  

In case A is sincere (by whir11 we rneari t,liat A has a sincere and dircc,t,ing in- 
decomposable modl~le), it was shown in [ll] t,hat p ,  < 2. If p,  = 2, then C,r is 
rieitlier po~tproject~ive nor preinject,ive and s = t = 1. The classification of siricxw 
tame tilt~ed algebras A with p,  = 2 and IAol > 20 was given ill [12]. \Ve cletl~~cx~ sorile 
conseqmnces of t,hese resl~lt~s. 

Proposition. Let A be a szncere tame tilted algebra The follozuing conditions are 
equr uoient: 

(a) A is  strongly simply connected. 

(b) Each of the postprojectzve and the preztyectzve component of l?(mocl A) has a 
tree as orbzt graph 

(r)  .4 has no  full convex subcategory which is heredztary of tgpe A,,. 

Proof: By (1.3), (a) implies (b). The equivalence of (b) anel (c.) follows frorn (2.3) if 
p, = 2 ;  and is clear if p,, = 1. We show t,hat (h) iniplies (a).  By our t,heorern. it 
suffires t,o show that O(C.r) is a tree. Assume t,hat this is riot tlie case. By hypothesis, 
CA is neit,her post~projective nor preinject,ivc and 1ic~nc:e LL, = 2. By [12, (1.4)], O(C1) 
is of t,ype A, and A is given by t,he qniver 
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bound by npyl = 0,/'?& = 0. al . . .  0 ~ 6 ~  . .  .6, = Dl . . .  $71 . .  .?,. It is st,mightforward 
to c.,hecxk t,liat the postprojec.tive component of r (mod <4) lias an orbit graph of type 
A,,, , a cmltradictioil. 0 

4.2. Proposition. Let A be a srnce~e  t a m e  concenkd dge tua  Assume that A za 
s t ~ o n g l y  s ~ m p l y  connected and has at least 20 uertzces T h e n  A o r  AoP belong t o  one 
of the  follou~z~ag filndzei of algebras h l o ~ e o w r  A I S  tzlted of type A A dotted 11ne 
x - - - y mlzcates that the sum of all paths from x t o  y zs i cro  
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Proof: St,raightforward checking of the list given in [13]. 0 
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