FRIEZES, STRINGS AND CLUSTER VARIABLES

TBRAHIM ASSEM, GREGOIRE DUPONT, RALF SCHIFFLER AND DAVID SMITH

ABsTrACT. To any walk in a quiver, we associate a Laurent polynomial. When
the walk is the string of a string module over a 2-Calabi-Yau tilted algebra, we
prove that this Laurent polynomial coincides with the corresponding cluster
character of the string module, up to a normalising monomial factor that we
explicit.

INTRODUCTION

In the early 2000, S. Fomin and A. Zelevinsky introduced the class of cluster
algebras with the purpose of building a combinatorial framework for studying total
positivity in algebraic groups and canonical bases in quantum groups (see [29]).
Since then, the study of cluster algebras was shown to be connected to several areas
of mathematics, notably combinatorics, Lie theory, Poisson geometry, Teichmiiller
theory, mathematical physics and representation theory of algebras.

A cluster algebra is a commutative algebra generated by a set of variables, called
cluster variables, obtained recursively by a combinatorial process known as muta-
tion, starting from an initial set of cluster variables, the initial cluster, and a quiver
without cycles of length at most two. One of the most remarkable facts about clus-
ter variables is that they can be expressed as Laurent polynomials in terms of the
initial cluster variables [29], this is the so-called Laurent phenomenon. Also, it is
conjectured that the coefficients in this expression are always non-negative, this is
the positivity conjecture. The problem of computing explicitly the cluster variables
is a difficult one and is the object of a wide literature. The most general results
known at the present time are in [32, 49, 46].

In order to compute cluster variables, one may use friezes. Friezes, which go back
to works of Coxeter and Coxeter-Conway [22, 20, 21], are an efficient combinatorial
tool which mimics the application of mutations on sinks or sources of the given
quiver, hence an obvious combinatorial connection with cluster algebras [18, 15, 52,
44, 5]. It is now known that connections between friezes and cluster algebras are
deeper than just combinatorics, see for instance [26, 4, 40, 8, 31, 43]. Our starting
point for the present paper was the result in [5] giving an explicit formula as a
product of 2 x 2 matrices for all cluster variables in coefficient-free cluster algebras of
type A and all but finitely many cluster variables in coefficient-free cluster algebras
of type 1&, thus explaining at the same time the Laurent phenomenon and positivity.
Our objective here is to show that the same technique can be used for computing
the cluster variables associated to the string modules over a 2-Calabi-Yau tilted
algebra (in the sense of [54]).
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Besides friezes, our second main tool is the notion of a cluster character. In [15],
Caldero and Chapoton noticed that cluster variables in simply-laced coefficient-free
cluster algebras of finite type can be expressed as generating series of Euler-Poincaré
characteristics of Grassmannians of submodules. Generalising this work, Caldero-
Keller [17], Palu [48] and Fu-Keller [32] introduced the notion of a cluster character
associating to each module M over a 2-Calabi-Yau tilted algebra Bp a certain
Laurent polynomial X7, allowing to compute a corresponding cluster variable (see
also [49]). In general, cluster characters are hard to compute because one first
needs to find the Euler characteristics of Grassmannians of submodules, and then
the dimensions of certain Hom-spaces in the corresponding 2-Calabi-Yau category.

One class of algebras, however, whose representation theory is reasonably well-
understood is the class of string algebras, introduced by Butler and Ringel in [14]
(see also [59]). In particular, indecomposable modules over string algebras are
partitioned into two sets: string and band modules, and only string modules can
be associated to cluster variables. The Euler characteristics of Grassmannians of
submodules of string modules were computed by Cerulli and Poettering [19, 51].
Nevertheless, their methods do not allow to compute explicitly the associated cluster
character.

The main result of this paper gives an explicit formula for the cluster character
associated to a string module over a 2-Calabi-Yau tilted algebra. This can be
stated as follows. To any walk ¢ in a locally finite quiver @), we associate a Laurent
polynomial L. in the ring of Laurent polynomials in the indeterminates x; indexed
by the set of points of ), which can be expressed as a product of 2 x 2 matrices
as in [5] (see Section 1.3 below). Now, we let T' be a tilting object in a Hom-finite
triangulated 2-Calabi-Yau category ¥ and Br = End¢(7') the corresponding 2-
Calabi-Yau tilted algebra whose ordinary quiver is denoted by . Moreover, to any
string Bp-module M, we associate a tuple of integers ny; = (n;);cq, which we call
the normalisation of M (see Section 5.2), and the Laurent polynomial Lj; which
is just the Laurent polynomial L. attached to the string ¢ of M in the quiver Q.
Using the notation x"™ = Hing x;", our main result (Theorem 5.11 below) can
be stated as saying that : .

XTI = < L

This result entails several interesting consequences. We first obtain the positiv-
ity of the Laurent polynomial X7, for any string Br-module M (see Corollary 6.4),
thus reproving a result of Cerulli and Poettering [19, 51]. Our results also apply
to the cases of string modules over cluster-tilted algebras, string modules over gen-
tle algebras arising from unpunctured surfaces (see [2]) and, more generally, string
modules over finite dimensional Jacobian algebras associated to quivers with po-
tentials in the sense of [23]. We also obtain a new proof of the positivity conjecture
for cluster algebras arising from surfaces without punctures, see [56, 55].

The paper is organised as follows. Section 1 introduces the basic definitions and
presents our combinatorial formula. Section 2 introduces the concept of realisable
quadruples which is the context in which our formula will actually compute clus-
ter characters. This is closely related to the notion of triangulated 2-Calabi-Yau
realisation in the sense of Fu and Keller [32]. Section 3 recalls all the necessary
background from [48, 32] concerning cluster characters. Sections 4 and 5 contain
the proof of our main result. In Section 4, we actually prove a weaker version of
our theorem which will be used in order to prove the general case in Section 5. In
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Section 6 we present possible applications of the results to the study of positivity in
cluster algebras. In Section 7, we investigate the normalising factor and explicitly
compute it for several cases of string modules over cluster-tilted algebras. The last
section presents several detailed examples.

1. THE MATRIX FORMULA

1.1. Notations. Throughout the article, k denotes an algebraically closed field.
Given a quiver @, we denote by g its set of points and by @ its set of arrows. For
any arrow « € (1, we denote by s(«) its source and t(«) its target. We sometimes
simply write a : s(a) — t(a) or s(a) = t(a). For any point i € Q, we set

Qi(i,—) ={a € Q1|s(a) =i}, Qi(—,9) = {a € Q1 |t(a) = i}
and if F' is a subset of points in Qg, we set
Q1(i, F) ={a € Q1]s(a) =14, t(a) € F'}, Qi(F,i) = {a € Q1|s(a) € F, t(a) = i}

and finally, for any 4, j € Qo, we set Q1(i,5) = Q1(i, —) N Q1(—, 7).

To any quiver @), we associate a family xg = {z;|i € Qo} of indeterminates over
Z. We set Z(xq) = Z[zE'|i € Qo] to be the ring of Laurent polynomials in the
variables x;, with ¢ € Qo and F(xg) = Q(z;|i € Qo) to be the field of rational
functions in the variables z;, with i € Q. For any d = (d;)icq, € Z?°, we set
X% = HiEQo xf%

A bound quiver is a pair (Q,I) such that @Q is a finite quiver (that is, @y and
Q) are finite sets) and I is an admissible ideal in the path algebra k@ of Q. Given
a finite dimensional k-algebra B, there exists a bound quiver (Q,I) such that
B ~ kQ/I and the quiver @ is called the ordinary quiver of B (see for instance, [6] or
[7]). We always identify the category mod-B of finitely generated right B-modules
with the category rep(Q, I) of k-representations of @ satisfying the relations in I.
For a B-module M, we denote by M (i) the k-vector space at the point i € Qo and
M () the k-linear map at the arrow a € Q.

1.2. Walks and strings. Let @ be a quiver. As in [14], for any arrow 5 € Q1, we
denote by 7t a formal inverse for 3, with s(871) = t(B), t(B3~!) = s(3) and we

st (3~1)1 = 3.
A walk of length n > 1in @ is a sequence ¢ = ¢; - - - ¢, where each ¢; is an arrow or
a formal inverse of an arrow and such that ¢(c¢;) = s(¢;41) forany i € {1,...,n — 1}.

The source of the walk cis s(c) = s(c1) and the target of the walk c is t(c) = t(cy).
We define a walk e; of length zero for any point i € Qg such that s(e;) = t(e;) = i.
For any walk ¢, we denote by co the walk of length zero co = ey(c)-

If (Q,I)is a bound quiver, a string in (@, I) is either a walk of length zero or
a walk ¢ = ¢1 -+ - ¢, of length n > 1 such that ¢; # c;rll for any i € {1,...,n —1}
and such that no walk of the form c¢;c;y1 - - - ¢; nor its inverse belongs to I for 1 <4
and t < n. If Q is a quiver, a string in the quiver @ is a string in the bound quiver
(@, (0)). If B ~kQ/I is a finite dimensional k-algebra and c is a string in (Q, ),
then we also say that c is a string in B.

To any string in a finite dimensional k-algebra B, we can naturally associate an
indecomposable finite dimensional right B-module, called string module as in [14,
§3]. Namely, if B has ordinary quiver @) and c is either a string of length zero or a
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string of positive length of the form ¢ =¢; ... c,, the corresponding string module
is the module M, obtained by setting for any x € Qy,

[ k ifx=t(¢) for some i € {0,...,n},
Me(w) = { 0 otherwise.

and for any a € Q1
+1

]

M.(a) = 1x  if there exists ¢ € {1,...,n} such that o = ¢
1 0 otherwise.

A string module is also called a string representation of the corresponding bound
quiver. For any string module M, we denote by s(M) the corresponding string.

1.3. A formula for walks. For any locally finite quiver @, we define a family of
matrices with coefficients in Z[xg| = Z[z; | i € Qo] as follows.
For any arrow 8 € @1, we set

0 T 1
A(B :{xt(ﬂ) } and A(B™! :{ Q) }
) L ) ) 0 Zsp)
Let ¢ =c¢;--- ¢, be a walk of length n > 1 in Q. For any i € {0,...,n} we set
Vit1 = t(Cl)
(still with the notation ¢y = ey()) and
H xt(a) 0

a€Q1(vi,—)

ch(vl> _ aFel e

a;éc,il,c.ijl
We then set

L. = v [ 1,1 ] Ve(vy) (H A(Ci)Xc(vH-l)) [ 1 ] € Z(xq)-

Ty Ty ey

If ¢ = e; is a walk of length 0 at a point i, we similarly set

H xt(a) 0
Ve (i) = | €@t

0 H ms(a)

Q€Q1(— i)
and

L. = ac%[ 1,1 ]V, () [ | } € Z(x0).

In other words, if ¢ is any walk, either of length zero, or of the form ¢ =¢; - - - ¢y,
we have

1

(L) L=t
‘ ITizo @e(en

[Lu<Hmmmmm>“}eﬂm>
=0

with the convention that A(cp) is the identity matrix.
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Example 1.1. Consider the quiver

4
7N
Q : 1 a 9 § 3 €
and consider the path ¢ = =!8~ in Q. Then,
1 zs 0 xr3 1 1 0
L. = 1,1 5
g ([0 28 L]0 o
Ty 0 1 0 XT3 0 T5 0 1
1 9 0 1 1 x4 0 x4 1

o zlxgxi + 233@%:174:05 + X1X2X3T4X5 + :17%9:;@% + :leg:c% + Ill'gl%

5

Taziny
1.4. A formula for string modules.

Definition 1.2. Let B be a finite dimensional k-algebra with bound quiver (Q, I)
and let M be a string B-module with corresponding string s(M). We set

LM = Ls(M) S g(XQ)

If Q is a quiver, a subquiver R of ) is a quiver R such that Ry C Qo and such
that for any i,j € Ry, the set of arrows from ¢ to j in Ry is a subset of the set of
arrows from 4 to j in Q. If R is a subquiver of @, we naturally identify £ (xg)
with a subring of Z(x¢).

A subquiver R of @Q is called a full subquiver if for all i, j € Ry the set of arrows
from i to j in R; equals the set of arrows from i to j in Q. If B is a finite
dimensional k-algebra with bound quiver (Q,I) and M is a B-module, the support
of M is the full subquiver supp(M) of @ cousisting of the points ¢ € Qp such that
M(i) # 0. The closure of the support of M is the full subquiver supp(M) of @
formed by the points ¢ € Qg which are in the support of M or such that there
exists an arrow « such that s(«) € supp(M )y and t(a) = ¢ or t(a) € supp(M)o and
s(a) =i.

With these identifications, if B is a finite dimensional k-algebra and M is a string
B-module, then

Ly € g(Xw)
2. REALISABLE QUADRUPLES

In the previous section we associated to any string module M over a finite di-
mensional algebra B a certain Laurent polynomial L,;. In this section we provide
a context in which the algebra B arises in connection with some cluster algebras so
that we can compare the Laurent polynomials L); with cluster variables or, more
generally, with cluster characters. The context in which we work is the context of
triangulated 2-Calabi-Yau realisations introduced in [32].

2.1. Definitions. An ice quiver is a pair (2, F') such that 2 is a finite connected
quiver without loops and 2-cycles and F is a (possibly empty) subset of points of
2y, called frozen points, such that there are no arrows between points in F'. The
unfrozen part of (2, F) is the full subquiver of 2 obtained by deleting the points
in F.
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For any quiver @, we denote by B(Q) = (bi;) € Mqg,(Z) the skew-symmetric
matrix defined for any i, j € Qg by

bij = 1Q1(i,5)| — |1Q1(4,9)],

that is, b;; equals the difference between the number of arrows from ¢ to j in @
and the number of arrows from j to ¢ in Q.
If (2,F) is an ice quiver with unfrozen part @, then we can fix an ordering of

the points in 2, such that
_ | Bl@ -
B(2) = [ C  Opxr

where C is a matrix in Mpyxq,(Z).
For any ice quiver (2, F) with unfrozen part @, we denote by </ (2, F) the
cluster algebra of geometric type with initial seed (B(2),x,y) where

By | B(Q)
Bo)-| " .
x = (24,7 € Qo) and y = (z;,1 € F) (see [30]).

A k-linear category % is called Hom-finite if Home (M, N) is a finite dimensional
k-vector space for any two objects M, N in €. A k-linear triangulated category €
with suspension functor [1] is called 2-Calabi- Yau if the square [2] of the suspension
functor is a Serre functor in . This implies that there is a bifunctorial isomorphism

Home (X,Y) ~ DHome (Y, X[2])

where D = Homy (—, k) is the standard duality.

For any objects M, N in €, we denote by Exti, (M, N) the space Home (M, N[1]).
An object M in the category % is called rigid if Exti, (M, M) = 0. An object T in
€ is called a tilting object in % if it is maximal and rigid, that is, if for any object
X in €, the equality Exti, (T, X) = 0 is equivalent to the fact that X belongs to
the additive subcategory add T of €. It is known that the combinatorics of cluster
algebras are closely related to the combinatorics of tilting objects in triangulated
2-Calabi-Yau categories [9].

Definition 2.1. A realisable quadruple is a quadruple (2, F,%,T) such that :

a) (£, F) is an ice quiver ;

b) ¥ is a Hom-finite triangulated 2-Calabi-Yau category whose tilting objects form
a cluster structure in the sense of [9] ;

c) T is a tilting object in € ;

d) the ordinary quiver of By = End¢(T) is 2.

Following Reiten [54], every algebra of the form Ende(7T') as above is called a
2-Calabi-Yau tilted algebra. In order to simplify terminology, a category € as above
is simply called a triangulated 2-Calabi- Yau category.

Definition 2.2. Given a realisable quadruple (2, F,%¢,T), a Br-module M is
called :

a) unfrozen if M (i) # 0 implies ¢ ¢ F ;

b) unfrozen indecomposable if it is unfrozen and indecomposable as a Bp-module ;
c) unfrozen sincere if M (i) # 0 if and only if ¢ & F.
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2.2. Examples. The notion of realisable quadruple covers a lot of situations in the
context of cluster algebras. We now list some examples of such situations.

Example 2.3. Let Q be an acyclic quiver and let D’(mod-k@) be the bounded
derived category of mod-k@. It is a triangulated category with suspension functor
[1] and Auslander-Reiten translation 7. The functor 77*[1] is an auto-equivalence
of D*(mod-k@) and the orbit category € = D®(mod-kQ)/7~*[1] of this functor is
called the cluster category of Q). This category was first defined in [11] (see also [16]
for an alternative description in Dynkin type A). It is canonically equipped with a
structure of triangulated 2-Calabi-Yau category [36, 11]. For any tilting object T
in €, an algebra of the form Ende(T) is called a cluster-tilted algebra, as defined
in [12] (see also [16] for Dynkin type A). Thus, if Q7 is the ordinary quiver of the
cluster-tilted algebra End¢ (T), the quadruple (Qr,0,%,T) is realisable and every
Br-module is unfrozen.

Example 2.4. Let (Q, W) be a Jacobi-finite quiver with potential, that is, a quiver
with potential in the sense of [23] such that the Jacobian algebra #(q w is fi-
nite dimensional. Let (g w) be the generalised cluster category constructed by
Amiot [1, §3] as follows. Let Agw) be the Ginzburg differential graded algebra
associated to the quiver with potential (Q, W) (see [35] for more details) and let
D(mod-Aq,w) be its derived category. Consider the thick subcategory per Ao w)
of D(mod-A(q w) generated by A wy and let D’(mod-Ag w)) be the full sub-
category of D(mod-A(g w)) consisting of the differential graded modules whose
total homology is finite dimensional. Then the generalised cluster category (g w)
is the quotient of triangulated categories per A(g w)/D’(mod-Ag w))- It is a tri-
angulated 2-Calabi-Yau category and there exists a tilting object T" in €(q w such
that (Q, 0, %(q,w),T) is a realisable quadruple [1, Theorem 3.6].

This example is of particular interest for the study of cluster algebras arising
from surfaces in the sense of [28] (see also Section 6.2 for more details). Indeed,
Labardini associated a Jacobi-finite quiver with potential (Q,W) to any marked
surface (S, M) with non-empty boundary [41]. Thus, the generalised cluster cate-
gory €(o,w) provides a categorification for the cluster algebra o7 (S, M) associated
to the surface. Moreover, if the surface is unpunctured, that is, if there are no
marked points in the interior of the surface, it is known that the Jacobian algebra
HZ(q.w) is a string algebra (it is in fact a gentle algebra, see [2]). The _Z g w)-
modules without self-extension are thus string modules and it follows from [32] that
the cluster variables in &/ (S, M) can be studied via cluster characters associated to
string _#(q,w)-modules (see Section 3 for details).

Example 2.5. Let A be a finite dimensional k-algebra of global dimension 2 and
let @ be the ordinary quiver of the relation extension of A, that is, the trivial
extension of A by the A-bimodule Ext? (DA, A) (see for instance [3]). Then Amiot
also associated to A a generalised cluster category ¥4 and proved that there exists a
tilting object T" in %4 such that (@7 (0,4, T) is a realisable quadruple [1, Theorem
4.10).

Example 2.6. We now give a fundamental example with a non-empty set of frozen
points. For any quiver ), we denote by (QPP, Q) its principal extension. It is
defined as follows. We fix a copy Q) = {i’ |7 € Qo} of Qo and we set QF® = QoLIQ}.
The arrows in Q¥ between two points in @)y are the same as in @ and for any i € Qo
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we add an extra arrow '— 4 in Q). Thus, the matrix of QPP is given by

om0

where Iq; denotes the identity matrix in Mg, (Z).

Now, if @ is the ordinary quiver of a cluster-tilted algebra By, it is known
that there exists a 2-Calabi-Yau category PP, endowed with a tilting object TPP,
obtained via a process of principal gluing, such that (QPP, Q[, PP, T*P) is a realis-

able quadruple for which every Bp-module can naturally be viewed as an unfrozen
module (see [32, §6.3] or Corollary 2.12).

2.3. Blown-up ice quivers and their realisations. In the proof of the main
theorem of this article, we are interested in a particular family of ice quivers, called
blown-up. We now give some details concerning these quivers.

Definition 2.7. We say that an ice quiver (2, F) is blown-up if |21(i,—) U
2:(—,4)| < 1 for every point i € F, that is, if there exists at most one arrow
starting or ending at any frozen point.

Example 2.8. a) Any ice quiver with an empty set of frozen points is blown-up.
b) If Q is any quiver, then its principal extension (QPP, Q) defined in Example 2.6
is blown-up.

Remark 2.9. Any blown-up ice quiver (2, F') whose unfrozen part is acyclic can
be embedded in a realisable quadruple (£, F, ¢, T). Indeed, since (2, F') is blown-
up with an acyclic unfrozen part, 2 is also acyclic. Let thus % be the cluster
category of the quiver 2. Then the path algebra k2 is identified with a tilting
object in ¢ and the corresponding cluster-tilted algebra is isomorphic to k2 so
that its ordinary quiver is 2. Thus (2, F, %, kZ2) is a realisable quadruple.

We can construct a wide class of examples of realisable quadruples with the
following proposition, due to Amiot :

Proposition 2.10 ([1]). If 61 and €5 are two generalised cluster categories associ-
ated with Jacobi-finite quivers with potentials (Q1, W1) and (Q2, Wa), then for any
matriz C' with non-negative integer entries, there exists a Jacobi-finite quiver with
potential (Q',W') whose generalised cluster category € o/ w+) has a tilting object
T’ such that the matriz associated to the ordinary quiver of the 2-Calabi-Yau tilted
algebra Endy,,, ., (1) is

W’

’r_ B(Ql) _Ct
P=1 ¢ B

Corollary 2.11. Let (2, F) be a blown-up ice quiver with unfrozen part Q. Assume
that there exists a potential W on Q such that the Jacobian algebra # o w is finite
dimensional. Then there exists a triangulated 2-Calabi- Yau category € and a tilting
object T in € such that (2, F,%€,T) is a realisable quadruple.

Proof. We set. €(©) the generalised cluster category associated to the quiver with
potential (Q,W). According to Example 2.4, there exists a tilting object T(®) in &
such that the quadruple (Q,0, €, T©) is realisable.

In order to simplify notations, we write F' = {1,...,m}. For any i € F, we
denote by %a, a copy of the cluster category of type A;, which is a particular
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case of generalised cluster category in the sense of Amiot. We now construct, by
induction on i € {1,...,m}, a category €™ with a tilting object T® such that the
ordinary quiver of the 2-Calabi-Yau tilted algebra Endeq:) (T®) is the full subquiver
(2, F) formed by points in @ and frozen points in {1,...,4}.

Since (£, F) is blown-up, for every ¢ € {1,...,m}, there exists a unique arrow
a; € 21(i,—) U 2,(—,4). If a; € 2,(i,—), we construct the category € gluing
€=V and %), as provided by Proposition 2.10 with ¢, = €Y and € = %),
and we denote by 7)) the canonical tilting object in this gluing. If a; € 2(—,1),
we construct a gluing ) of €, and ¥~1) as provided by Proposition 2.10 with
€ = €a, and € = €U~V and we denote by T) the canonical tilting object in
this gluing. We finally set ¢ =% and T = T™. O

Corollary 2.12. Let (2,F) be a blown-up ice quiver whose unfrozen part is the
ordinary quiver of a cluster-tilted algebra. Then (2, F) can be embedded in a real-
isable quadruple (2,F,€¢,T).

Proof. 1t is proved in [37] and [10] that any cluster-tilted algebra is the Jacobian
algebra of a Jacobi-finite quiver with potential. The result thus follows from Corol-
lary 2.11. (]

3. CLUSTER CHARACTERS WITH COEFFICIENTS

In this section, we collect some background concerning Fu-Keller’s cluster char-
acters [32]. These characters allow to give an explicit realisation of the elements in
a cluster algebra in terms of the geometry and the homology underlying a 2-Calabi-
Yau category.

We fix a triangulated 2-Calabi-Yau category € with suspension functor [1] and
we fix a tilting object 7" in %.

We let 2 be the ordinary quiver of the 2-Calabi-Yau tilted algebra Br =
End(T). Indecomposable direct summands of T label the points in Zy. Let
F be a set of frozen points in 2y. We set Tp = @ie 7 T;. Consider the full subcat-
egory % of € formed by the objects X such that Home (T, X) = 0. Let (add T'[1])
be the ideal consisting of those morphisms factoring through objects of add T'[1].

Theorem 3.1 ([12, 38]). The functor Hom¢ (T, —) induces an equivalence
Home (T, —) : €¢/(addT[1]) = mod-Br.

The equivalence Home (T, —) induces an equivalence between % /(add T'[1]) and
the subcategory of mod-Br consisting of Bp-modules supported on the unfrozen
part of (2, F), which is denoted by @Q. Slightly abusing notations, an object M
in % /(add T[1]) is identified with its image Home (T, M) in mod-Br. Conversely,
any Bp-module supported on @ is viewed as an object in % /(add T[1]).

For any 7 € Qp, we denote by S; the simple Bp-module corresponding to the
point i. We denote by (—, —) the truncated Euler form on mod-Br defined by

(M,N) = dimHomp, (M, N) — dim Exty_(M, N)

for any Br-modules M and N. We denote by (—, —), the anti-symmetrised Euler
form on mod-Br defined by

<M’N>a = <M7N> - <N7M>
for any Bp-modules M and N.
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Lemma 3.2 ([48]). For any i € 2y, the form M +— (S;,M) on mod-Br only
depends on the class [M] of M in the Grothendieck group Ko(mod-Br) of mod-Br.

For any Br-module M and any e € Ky(mod-Br), we let Gre(M) denote the
set of submodules N of M whose class [N] in Ky(mod-Br) equals e. This set
is called the Grassmannian of submodules of M of dimension e. It is a projective
variety and we denote by x(Gre(M)) its Euler-Poincaré characteristic (with respect
to the singular cohomology if k is the field of complex numbers, and to the étale
cohomology with compact support if k is arbitrary).

Definition 3.3 ([48]). The cluster character associated to (¥,T) is the unique
map
X7 0b(%)— L(x2)
such that
a) Xp, = x; for any i € 2 ;
b) If M is indecomposable and not isomorphic to any T;[1],
Si, —(S;,Home (T, M
XL = X(Cre(Home (T, M))) J] e SetiomeTan) .
eeN2o €20

c¢) For any two objects M, N in €,
Xiron = XXy

We recall that an indecomposable object X in € is called reachable from T if it
is a direct summand of a tilting object which can be obtained from T by a finite
number of mutations, see [9]. In particular, any reachable object is rigid.

Theorem 3.4 ([32]). The map X7 induces a surjection from the set of indecom-
posable objects in € which are reachable from T to the set of cluster variables in
the cluster algebra of (2, F).

Note that identifying 4 /(add T'[1]) with mod-By using the functor Home (7, —),
we associate to any indecomposable Br-module M the cluster character of an in-
decomposable lifting M of M in ¢/(add T[1]). Thus, we set

Si,e),—{Si,M
XL =XL = 3 x(Gre(M)) J af* ==

ecN=2o i€2o

and this way, we may view X?T as a map on the set of objects in mod-Br.

In general, it is complicated to compute explicitly the cluster character associated
to a Bp-module M. If the module M is a string module, Cerulli and Poettering
provided methods for computing x(Gre(M)) [19, 51] but the exponents in the
cluster character formula still remain to be computed. In the present article, we
prove that the formula M — L, defined in Section 1 completely solves this question
for string Br-modules.

4. A FORMULA FOR DYNKIN TYPE A WITH COEFFICIENTS

We now start the proof of our main result, which will be stated in Theorem
5.11. This section is devoted to the first step of the proof in which we establish
the theorem for specific modules in the particular case of blown-up quivers with
unfrozen part of Dynkin type A. The result we prove in this section is the following :
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Theorem 4.1. Let (2, F) be a blown-up ice quiver with unfrozen part Q of Dynkin
type A and let (2,F,€,T) be a realisable quadruple. Let By = Endy(T). Then
for any indecomposable Br-module M, the following hold :

a) If M is unfrozen, then it is a string module ;
b) If M is a submodule of the unique unfrozen sincere module, then the correspond-
ing cluster character is given by

X1 =Ly,

Every Bp-module M supported on @@ has the structure of a module over the
path algebra H = k@ of the quiver Q. Since @ is of Dynkin type A every such
module M is a string module if it is indecomposable. This proves the first point of
the theorem.

To prove the second point, we need to collect the necessary background concern-
ing the matrix product formula from [5], which we do in Section 4.1. Section 4.2
is devoted to the proof when (2, F) is the principal extension of a Dynkin quiver
of type A. In Section 4.3, we use Fomin-Zelevinsky separation formula in order to
deduce the general case.

4.1. Background on the matrix product formula. Let Q be a Dynkin quiver
of type A, with n > 1. Attach to each vertex i of Qg a cluster variable x;.
Because @ is of Dynkin type A,,, it is well-known that the corresponding coefficient-
free cluster algebra «7(Q,0) is generated by % + n cluster variables. If %g
denotes the cluster category of @), the set of indecomposable objects in 6 can
be identified with the disjoint union of the set of indecomposable k@-modules and
{P;[1] | © € Qo} where P; denotes the indecomposable k@Q-module associated to the
point ¢ € Q. Identifying the path algebra k@ with a tilting object in %, the
quadruple (Q,0,%,kQ) is realisable and the associated cluster character M +—
Xy = XJIQQ induces a bijection from the set of indecomposable objects in 6 to
the set of cluster variables in & (Q,0). Moreover, this bijection sends each object
of the form P;[1] onto z;, and each object of the form M in mod-k@ onto the
unique cluster variable having, in its reduced form, x4™M a5 denominator, where
dim M = (dim M (i)) € N% [17]. Under this identification, one can position the
cluster variables of &/(Q,0) into a grid underlying the Auslander-Reiten quiver
of 6. This positioning of variables on the grid corresponds to the frieze on the
repetition quiver ZQ°P associated to the opposite quiver of ), as constructed in [5].
We illustrate this on an example.
Let Q be a Dynkin quiver of type A,,, say

I A S BN N ST UL L B S SRR S T

(here n = 11). The corresponding grid, in which we illustrated the cluster variables
associated to the indecomposable projective k@)-module P;, and those associated
to the indecomposable injective kQ-module I;, is as follows (the variable Xp(y, .
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will be explained thereafter).

Z10 11
T9 XPlO XP11

T5 Te X7 xrs ng *
I3 T4 Xp5 Xp6 Xp7 ng *
X9 )(p3 Xp4 XM(u,u) *
T Xp2 * .
Xp * * * * * * X, X, Xp
* X15 X]4 I3 To X1
* X[G Is Ty
* X17 Te
Xn, X, Xpg w7
XIH 10 ZT9 xTs

In [5, §8.2], the authors defined, for each cell (u,v) in the grid, a Laurent poly-
nomial tger (u,v), whose definition depends on the region of the grid in which the
cell is located.

For the purpose of our paper, it suffices to consider only the north-west compo-
nent of the grid together with its south-east asterisks frontier. It is important to
observe that in mod-k@), this part of the grid contains exactly all the indecompos-
able submodules of the unique indecomposable sincere k@Q-module, which is exactly
positioned at the intersection of the vertical and the horizontal lines of asterisks
(see for instance [34]). This observation will be crucial in Lemma 4.2 below and in
Section 5.

We give more details on this region. For any cell (u,v) located in the north-
west component of the grid (and not on its south-east asterisks frontier), its hor-
izontal and vertical projections onto the initial variables x; determine a word
TigTi, ... T4, .. Following [5], for each j = 1,2,...,n — 1, let

i 1 . .
[ i ] if 2;, is to the left of x;,, ,
M _ 0 @i,
(i, @iy0) = Tij, 0 : :
1 ' if z;; is below ;.
i

Then

1 n—1 1
thp(U,U) = 7[1,:172'0] H M(l‘ij,il'ij+1) |: "y :| .
3 3 . Tn41
Jj=1
To determine the corresponding indecomposable k@-module M, ) for which
tqor (u,v) = Xpf(u,), the horizontal and vertical projections onto the cluster vari-
ables Xp, gives the word Xp, Xp, ... Xp, , meaning that M, ,) is the string
module corresponding to the unique string from the vertex i; to the vertex i, in
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Q. In our example, the cell (u,v) gives rise to the word zox3 ... x7, leading to

1 T3 1 Is 0 I5 1 1
too =—-"1I1
@ p(u,v) .T31‘4J?5.736[ ’xﬂ |: 0 T4 :| |: 1 T4 ] [ 0 Te X7

and M, . corresponds to the string module whose corresponding string is v~ 'de ™!
in Q.

Now, a close inspection of the formulae (in the coefficient-free situation) gives
tqor (u,v) = L, ,, whenever (u,v) lies in the north-west region.

As mentioned above, we also need to consider the south-east asterisks frontier
of the north-west region. Observe that on this frontier, Ly, ,, is defined, while
tger (u, v) is not. To fix this, one can augment Q°P with two new sinks, labeled 0
and n + 1, in order to obtain a Dynkin quiver Q°P of type A, in such a way the
cells that were on the asterisks frontier now lie in the north-west region in the grid
corresponding to (Q°P; thus tQTp(u, v) can be defined. In our example, it suffices to

let Q°P be given by

0e—1<2o0 g 0y 0 5 g o7 gl gl 1011 12

It is then easily checked that Ly, ,, = tw(u, v)| wo=1 , thatis, Ly, , is obtained
Tn4+1=
from t555(u, v) by specialising the initial cluster variables o and z,11 to 1. Observe

that this relation also holds true for any cell located in the north-west region. So,
in general, one can write

LM(u,v) - tW(uvv)‘xﬁfiTil
1=

whenever (u,v) lies in the north-west region or on its asterisks south-east frontier.
In the situation where we deal with arbitrary coefficients, let (2, F) be an ice
quiver with unfrozen part @ of Dynkin type A. Then, generalising the coefficient-
free situation, we let
thp (u, U) = LM(u,v)'
For each i € Qq, let

vi= [l %@ and z= [ @)

a€2; (Fi) a€2:(i,F)

and for any d = (d;);eq, € N9, we set yd = [licq, vi' and zd = [Lico, %"

Then, a tedious and combinatorial adaptation of Lemmata 5, 6 and Theorem 4
in [5], in which one needs to embed Q°P in Q°P as above, allows us to obtain the
following recurrence relations, whose verification is left to the reader.

Lemma 4.2. a) For any i € Qy, we have

(4.2) zilp —vyi | [ ZLpe I o | =287
a€Q1(4,-) @€Q1(—,i)

b) For any non-projective indecomposable submodule M of the unique indecompos-
able unfrozen sincere kQ-module, we have

(4.3) LyLy —Lg= ydim‘rMZdimM

where E is the middle term of the almost split exact sequence 0—> 7 M LEY
M— 0 in mod-k@.



14 IBRAHIM ASSEM, GREGOIRE DUPONT, RALF SCHIFFLER AND DAVID SMITH

4.2. Proof of Theorem 4.1 - first step : Principal coefficients. We start
with two lemmata concerning cluster characters associated to principal extensions
of acyclic quivers. These are analogues to [15, Lemma 3.9 and Proposition 3.10]
(see also [27, Lemma 2.2]).

Let @ be an acyclic quiver and let H = k@ be the path algebra of Q. It is a
hereditary algebra and Ko(mod-H) is naturally identified with N@o. If (2, F) is the
principal extension (QPP, Q) of Q defined in Example 2.6, we denote by X}P the
corresponding cluster character and by LPP the matrix formula of equation (1.1).
For every i’ € Qj, we set y; = x;. It is known that

XPP = Z (Gre(M H x; e,[Si]) —([Si].[M]— >yml e
ecNQo i€Qo
where the Euler forms and the Grassmannian are considered in mod-H and where
[M] = (mi)ieq, (see for instance [27, Remark 2.4]).

Lemma 4.3. Let Q be an acyclic quiver. Then for any i € Qy, we have

a€Qq(,—) a€Q1(—,7)
where P; is the indecomposable projective kQ-module associated to the vertex j €

Qo.

Proof. The proof is a straightforward adaptation of the proof of [15, Lemma 3.9],
we give it for completeness. We recall that for any i € Qq, we have

RadP,= @D Puoandthus XRoqp = [ XB°_.
a€Q1(i,—) a€Q1(3,—)

We also recall that P;/Rad P; ~ S; and that a submodule M of P; either equals P,
or is a submodule of Rad P;. We set dim P, = m = (m;);cq, and let 6 be such
that d;; = 1if ¢ = j and 0;; = 0 otherwise. Thus

Xlgl;d p = Z x(Gre(Rad P;) H x; e,[Si])—=([Si], m—[Si]—e) ylml*&:l*el
e leQo

_ ZX(Gl"e(Rad P)) H (xl—(97[5l]>—([Sl]vm—e>yzm—6z) l[Sl] (S l—5u
e l€Qo

zyl-_1 H x:(;) xiZX(Gre(RadP H x, elsih— [Sl]’mfe>ylml_€‘
a€Q1(—,1) e leQo

but
XP = a7+ 3 x(Gre(Rad P)) [ ;@) sibm=erymizer,
e lEQo
Thus,

xlXP =Y H Ts(a) | XRad pt1
a€Q1(—,1)
from which we deduce (4.4). O
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Lemma 4.4. Let Q be an acyclic quiver. Then for any non-projective kQ-module
M, we have

(4.5) XPP XPP — XPP = ydimTM

where F is the central term of the almost split exact sequence 0— 7 M RN RN
M—0.

Proof. This result is an analogue of [15, Proposition 3.10]. We sketch the proof for
the convenience of the reader.

We write N = 7M, dim N = n = (n;)ieq, and dimM = m = (m;)ieq,. It
follows from the definition of the character that we have

XRPXPP = XRP = Z X(Cre(N @ M)) H xl—<ev[511>—<[Sl]yn+m—e>ylmz,+mfez-
ecN®o leQo
but there is a surjective map with affine fibres
Gre(N ® M)— | | Gre(N) x Grg(M)
f+g=e

so that x(Gre(N @ M)) = > ¢ oo X(Gre(IV))x(Grg(M)) and thus

—(f 8D — (S ], n+m—f— mi+ni—fi—agi.
X]%%M — ZX(Grf(N))X(Grg(M)) H z (f+g,[Si])—([S:],n+ g>yl 1+ni—fi—a
f.g lEQo

Now, it follows from [15, Lemma 3.11] that every fibre of the map

. Gre(No M) — || Gre(N) x Grg(M)
: f+g=e
U e (CN0).p0)

is an affine space except over the point (0, M) where it is empty. It thus follows

that
XE = X5+ [T o
leQo
which establishes (4.5). O

We now prove the second point of Theorem 4.1 for principal coefficients :

Proposition 4.5. Let QQ be a Dynkin quiver of type A. Then for any indecompos-
able submodule M of the unique unfrozen sincere kQ-module, we have

PP _ 1PP
XM _L]VI'

Proof. The proof directly follows from Lemmata 4.2, 4.3 and 4.4, keeping in mind
that for principal coefficients we have z; = 1 for each ¢ in Lemma 4.2. ([

4.3. Proof of Theorem 4.1 - second step. We now finish the proof of Theorem
4.1. For this, the strategy is to apply Fomin-Zelevinsky separation formula to the
equality established in Proposition 4.5. We let (2, F') be a blown-up ice quiver with
unfrozen part @ of Dynkin type A and we fix a realisable quadruple (2, F,%¢,T)
and an unfrozen indecomposable Br-module M which has a natural structure of
H-module where H is the path algebra of Q. We denote by (QPP, Q) the principal
extension of ). Every H-module can naturally be viewed as a Bp-module or as a
kQPP-module. According to Proposition 4.5, we know that LY} = X}7. We now
want to prove that Ly, = XAT/[ where L, denotes the matrix formula associated to
(2, F) in equation (1.1).
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In order to simplify the notations, we identify Qo with {1,...,n} and for every
i € Qo, we denote i’ by n + 4. Let P be the tropical semifield generated by the x;,
with ¢ € F, and endowed with the auxiliary addition

a; b; min{a;,b;}
Lo [T - T

For any i € @y, we set

w; = H Ts(a) H xt_((ll)

€21 (F,i) a€2(i,F)

With the notations of Section 4.1, we can thus write w; = yizfl. Following [29], for
every subtraction-free rational expression f in the variables z1,...,x2,, we define
the separation of f as

— f(xlw"vxn;wla-"awn)
flﬂ”(lv'“al»wla"'awn)

where the f|p means that we have replaced the ordinary addition in % (xg) by the
auxiliary addition & of the semifield P. This can be done since f is subtraction-free.

Now, we note that, for every H-module, L} is a subtraction-free rational ex-
pression by definition. Also, for every indecomposable H-module M, X7}7 is a
cluster variable so that it is defined with a finite number of mutations, which are
all subtraction-free. Thus, X}F is also a subtraction-free rational expression (see
[30, §3]) and we can apply o to both X}} and L}. Since LY; = X} by Proposition
4.5, we have o(LL}) = o(X}7). Thus, we only need to prove that o(X}7) = X7,
and o(LY}) = L.

The equality o(X}F) = X7, follows directly from [30, Theorem 3.7] since X}
and Xi,T induce bijections from the set of indecomposable H-modules to the set of
cluster variables in the cluster algebras &/ (QPP, Q;) and <7 (2, F') respectively and
these bijections respect denominator vectors.

The equality o(LY}) = Ly is obtained from the following observation. We write
¢ = s(M). For each j € F, x; appears in exactly one w;, since there is exactly
one i € Qo which is adjacent to j in £. On the other hand, in the product of
matrices LY}, 2,4, appears in at most one matrix, namely in the matrix VPP (7)
(where VPP(i) denotes the matrices arising in the matrix product LEP). Thus, using
the definition of the addition in P and the fact that L5} (1,..., 1, 2,41, ..., 22,) has
constant term 1, it follows that

a(f)

n
L%\P(l,...,l,wl,...,wn):H H -'L';(i)
=1 O‘GQ?p(ivF)

Now, since

Iz | (VPP@) (@, 2w, wn)) = Vild),
aGQl(i,F)

we get o(LY}) = Las. This ends the proof of Theorem 4.1. O



FRIEZES, STRINGS AND CLUSTER VARIABLES 17

5. THE GENERAL CASE

We now deduce the main theorem from Theorem 4.1. For this, we use some
“blow-up” techniques which are described in Section 5.1. These techniques introduce
some “error” in the computation of the characters but this can be controlled with
a normalising factor that we introduce in Section 5.2. The main result (Theorem
5.11) is stated in Section 5.4.

5.1. Blowing up quivers along string modules. In this section, we fix a quiver
@, we denote by M a string representation of () and we write ¢ = s(M). If ¢ is of
positive length n > 1, we write ¢ = ¢y -+ Cp.

The blow-up Qp; of Q along M is the quiver constructed as follows. Let
{v1,...,Un+1} be a set. For any i € {1,...,n}, we set §; from v; to v;41 which is
an arrow (or a formal inverse of an arrow, respectively) in (Qa7); if ¢; is an arrow
(or a formal inverse of an arrow, respectively) in 1. For any i € {1,...,n} and
for any arrow o € @ such that a # ¢, ¢l if s(a) = t(e;) (or t(a) = s(ci),
respectively), we create a new point, denoted by t(a)®* (or s(a)®?, respectively)
and an arrow a,, : v;— (@) (or a, : s(a)*'— v;, respectively).

Example 5.1. Consider the quiver

Q: 1$2$3$4

and let M be the string representation corresponding to the walk ¢ = e~ ', that is

1 ®0k
M : 0—=k—=<k?2—0.
Ok @1k
Then, the quiver Qs is
— Yv [
Qu 27l — 1 > vy AR 2 963
51;1\L To‘n iévg
45;1 1a;2 46;3

We recall the following definition from [51] :

Definition 5.2. Let @ and S be two quivers. A winding of quivers ® : Q— S is
a pair ® = (P, P1) where @y : Qo—> Sy and @y : Q;— S; are such that :

a) ® is a morphism of quivers, that is so ®; = Pgos and to Py = Pgot ;

b) If a,a’ € Q1 with o # o and s(a) = s(’), then @;(a) # P1(a) ;

c) If a,a/ € Q1 with o # o and t(a) = ('), then @;(«) # ®1(a’) ;

With the above notations, the maps
v; +— t(ego1) foranyie{l,...,n+1}
D¢ ¥ = W for any v € supp(M) and any «, i

and

o, .4 PBi — o foranyie{l,... n}
"1 ay, — a for any arrow of the form a,,

induce a winding of quivers ® : @Q—)supp(M).



18 IBRAHIM ASSEM, GREGOIRE DUPONT, RALF SCHIFFLER AND DAVID SMITH

Let @, be the map from the set of objects in rep(@\J\;) to the set of objects in
rep(supp(M)) which associates to a representation V' of Qs the representation V'
given by

V)= @ Vi) adVi= P V)
JEPG (1) ped; (o)
for any i € (supp(M))o and any « € (supp(M))1. At the level of dimension vectors,

®, induces a natural map ¢ : N\(/QM)“:) NGupp(M))o -
We define a representation M of Qs by setting for any point v € (Qar)o

~ [ k ifv=uw;for some i€ {0,...,n},
M(v) = { 0 otherwise

and for any arrow a € (@\1\//1)1

~ o | 1k ifazﬁfﬂforsorneie{17...711}7
M) = { 0  otherwise.

Lemma 5.3. Let B be a finite dimensional k-algebra. Then for any string B-

module M, we have ®.(M) ~ M.

Proof. This follows from the construction. O

Definition 5.4. If B is a finite dimensional k-algebra with bound quiver (@, I') and
M is a B-module, the border OM of M is the set of points in the closure supp(M)
of the support of M in @ and which do not lie in the support supp(M) of M.

thus, with the above notations, the bgrder OM consists of all the points in
(Qar)o which do not lie in the support of M.

Lemma 5.5. Let B be a finite dimensional k-algebra. Then for any string B-
module M, the pair (@\1;1,8]\7) is a blown-up ice quiver whose unfrozen part is
of Dynkin type A. Moreover, the representation M is a sincere unfrozen string
representation of @\1\//[

Proof. The first assertion follows from the construction of Q\JQ and M . For the
second assertion, we observe that M is supported on the unfrozen part of Q»; which
is of Dynkin type A. It is unfrozen sincere and indecomposable by construction so
that it is a string representation. O

Example 5.6. Let B be the path algebra of the quiver @ considered in Example
5.1 and let M be the string module considered in that same example. Then, the
— i 1

representation M of the quiver Qs is
M - 0 k k k
0 0 0

so that (@1\//1, OM ) is indeed a blown-up ice quiver with unfrozen part of Dynkin
type As.
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5.2. Normalisation. In this section M denotes a string module over a finite di-
mensional algebra B with bound quiver (Q, I).

Definition 5.7. The normalising vector of M is nyr = (n;)

n= (S M)— > (8, M)

jE®G (i)

. supp(M)
i€supp(M), eN 0

given by

for any i € supp(M), where the first Euler form is considered in mod-B and the

second Euler form is considered in mod—k@.
The normalising factor of M is

XM = | I x;h

i€supp(M),

This normalisation is actually easy to compute in several usual situations as it
is explained in Section 7.

Example 5.8. Consider the finite dimensional algebra B whose ordinary quiver is

/X

Q: 1——2

and whose relations are given by the vanishing of all paths of length two, that is
aff = By =ya = 0. It is a cluster-tilted algebra of type Az. Consider the projective
module M associated to the point 1. It is a string B-module with string a. The
associated blown-up quiver Qs is 37! — v;— vo— 372 and the representation

M is 0—k 25 k—0. Then, one has (S, M) = <Svl,M> =1, (S, M) =
<Sv2,J\A4/> = 1 and (S3, M) = 0 whereas <S35;2,J\7> + <Sgw;1,M> =0-1=-1.

Thus, the normalisation is ny; = (0,0, 1).

5.3. Blow-ups and cluster characters. We keep the notations of Section 5.1.
As usual, we naturally identify & (XW) to a subring of .Z(xg). We consider
the following surjective morphism of Z-algebras :

i Z(xéz)—)f(x

supp (1))
defined by
T(Ty,) = Ty(e,_y)
forany 1 <i<n+1and
T(Xyasi) = Ty
for any v € supp(M) and any « i.
We now observe that for any unfrozen string module M with respect to a real-

isable quadruple (2, F,¢,T), the Laurent polynomial X7, is in the image of the
function .

Lemma 5.9. Let (2,F,€,T) be a realisable quadruple and let M be an unfrozen
string module. Then

XTI e f(xisupp(M)).
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Proof. We recall that unfrozen Bp-modules are identified via Home (T, —) with the
objects M in % /(add T'[1]). We have

Si,e a” Si,M
XL =Y x(Gre(M)) [ a0,
ecN=2o 1€20
Any dimension vector e such that Gre(M) # 0 is supported on supp(M). Thus, if
i € 2 is not in supp(M), then (S;,e), = 0 and (S;, M) = 0. In particular,

Si,e a Si,M
Xir= > x(Gre()) ] e >€f(xm)«
ecN20 i€supp(M)

O

Let € be the cluster category of the quiver QT/[ and let~f = k@;[ be the path
algebra of s, which is identified with a tilting object in . We denote by X the
corresponding cluster character with values in & (X@Cf ).

Proposition 5.10. Let (2,F,%,T) be a realisable quadruple and let M be an
unfrozen string module. Then,

m(X5p) = x" X1

Proof. We have
Sie),—(Si,M
Xip= 7 Gro(a) JT af¥ et

ecN20 1€20

Si, = Si, M
SRR OO | B
eENsuPP(M)o i€ (supp(M))o

Now, for any e € NsuPP(M)o gince @ is a winding of quiver and ®,(M) = M, it
follows from [51, Corollary 3.1] that

X(Gre(M)) = >~ x(Gre(M)).
fecp—1(e)

Fix e € N*"PP(M)o - we now prove that for any i € supp(M), we have

(5.6) xgsi’e>“ = H xésj’f>“
JE€D, (i)
where the Euler form in the left-hand side is taken in mod—kég\v/[ and Euler forms

in the right-hand side are taken in mod-B.
First note that

(S;6)a | _ Z.feq>51<i)<sf’f>a
T T, =,

JEPRG (1)
so that it is enough to prove that

(Sie)y = > (S;.h),.

JE€RG (D)
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For any module U and any integer n > 1, we denote by nU the direct sum
of n copies of U. Now, since (S;,—), is well-defined on the Grothendieck group
Ko(mod-Br) (Lemma 3.2), we have

(Sie)y= > (SierSk),

kesupp(M)o
kesupp(M)o 1edy " (k)

a

= Z Z fi ] (Si;Sk),

kesupp(M)o \led; ' (k)

Yoo Sih,= > > Y filsis,

and

JE®S T (5) kesupp(M)o icdy ' (k) je@, " (4)
= > X Al X s,
kesupp(M)o icd; ! (k) jE®, 1 (4)

But for any k € supp(M)g and any [ € @al(k), we have

Z (S5, 51), = (Si» Sk)y

JE®y (i)
which proves (5.6).
Now, —
~ — (Si,8), —{S:, M
Xp= 3 Gy [[ a0
£EN(@)o i€(Qn)o
so that,
Y (S;8),—(85,M
R DEND ERTCET) IS ) R I | B
ecNsupp(M)y fEH—1(e) zEsupp(M)O j€‘1>gl(i)
N Si.e), —{s;,M
= ¥ | X xean)) JI Pw| IT o«
ecNowpp (M) \f€p~1(e) i€supp(M), JEPG (i)
(Sir0) o =3 ¢ g1y (SirM)
= Y XGrem) [ = o
ecNsupp(M)g i€supp(M),
=x" XTI
This finishes the proof. (I

5.4. The main theorem. We can now prove the main theorem of the article :

Theorem 5.11. Let (2, F,%,T) be a realisable quadruple and let M be an unfrozen
string module with respect to this quadruple. Then
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Proof. We first notice that with the above notations, it follows directly from the
definitions that

W(LM) = L]V[~
Thus,
1 =~ 1 ~ 1
T
Xy = Y m(X5p) = Y m(Lyp) = Yy Ly
where the first equality follows from Proposition 5.10, the second equality from
Theorem 4.1 and Lemma 5.5 and the third from the above observation. O

6. APPLICATIONS

In this section, we give several applications of Theorem 5.11.

6.1. Computing cluster variables. We now prove that the formula M — Ly,
given in equation (1.1) allows to compute the cluster variables in several situations.

Corollary 6.1. Let (2, F) be an ice quiver. Assume that there exists a realis-
able quadruple (2,F,€,T) such that every rigid object in € is reachable from T.
Then for any unfrozen End (T")-module M which is rigid and indecomposable, the
Laurent polynomial x,,%LM is a cluster variable in o (2, F).

Proof. We identify M with an indecomposable lifting in 4 for the functor
Homg (T, —), which is also rigid in & by [58, 33]. It follows from Theorem 3.4
that the map M +— X1, induces a surjection from the set of reachable rigid ob-
jects in to the set of cluster variables in &7 (2, F). It is also rigid in &, hence, by
hypothsesis, it is reachable and thus X7, is a cluster variable in </ (2, F). O

Corollary 6.2. Let By be a cluster-tilted algebra, then for any rigid string Br-
module M, the Laurent polynomial ﬁLM is a cluster variable in the coefficient-
free cluster algebra associated to the ordinary quiver of Br.

Proof. Let € be a cluster category, T be a tilting object in ¥ and Q7 be the
ordinary quiver of Br. Then the quadruple (Qr,0, %, T) is realisable (see Example
2.3). Moreover, it follows from [11] that every indecomposable rigid object in & is
reachable from 7. The result thus follows from Corollary 6.1. O

Corollary 6.3. Let By be a cluster-tilted algebra of Dynkin type A or affine type

A. Then, the map
1

xnm
induces a bijection from the set of indecomposable rigid Br-modules to the set of
cluster variables in the coefficient-free cluster algebra associated to the ordinary
quiver of Br which do not belong to the initial cluster.

M —

Ly

Proof. Cluster-tilted algebras of Dynkin type A or affine type A are string algebras
[2]- Thus, each indecomposable rigid Br-module is a string module. Now if ¢ is a
cluster category and T is a tilting object in % such that By = Endg (7)), it follows
in particular from Theorem 5.11 that for every indecomposable rigid Bp-module
M, we have X1, = —1—Ly. But then it follows from [48] that M — —i—Lyy is
a bijection from the set of indecomposable rigid Br-modules to the set of cluster
variables in the coefficient-free cluster algebra o7 (Qr, ) which do not belong to the
initial cluster x¢g, where Q)7 denotes the ordinary quiver of Br. (Il
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6.2. Positivity in cluster algebras. We now prove positivity results in cluster
algebras using formula (1.1). We first recall the basic notions concerning positivity
in cluster algebras.

If P is an abelian group, we denote by ZP its group ring. Let n > 1 be an integer
and x = (21, ...,7,) be a set indeterminates. We denote by Z>oP[x*!] the semiring
of subtraction-free Laurent polynomials in the variables in x with coefficients in ZP,
that is, the set of elements of the form

flxe, ... zy)
x‘lil ...x;i]l"

where f is a polynomial in n variables whose coefficients are non-negative linear
combinations of elements of P and dy,...,d, € Z. In particular, in the case when
P = {1}, the notation Z>o[x*!] denotes the semiring of polynomials in variables
x1,...,T, with non-negative coefficients.

If @Q is a quiver without loops and 2-cycles, if P is any semifield and if y is
a Qo-tuple of elements of P, it follows from the Laurent phenomenon that every
cluster variable in the cluster algebra <7/ (Q,x¢,y) is an element of ZP[c*!] when
expressed in any cluster ¢ of &7(Q,xq,y) [29]. Fomin and Zelevinsky positivity
congecture, stated in [29], asserts that every cluster variable is actually an element
of Z>oP[c*t1]. This conjecture was proved for rank two cluster algebras [57, 45, 24],
cluster algebras arising from surfaces with or without punctures [56, 55, 46], cluster
algebras with bipartite seeds [47] and weaker versions were proved for acyclic cluster
algebras [5, 53, 47].

Corollary 6.4. Let (2, F,¢,T) be a realisable quadruple and let M be an unfrozen
string module with respect to this quadruple. Then

XZZ\;I S ZZO[Xisupp(M)il}

Proof. The set ZZO[XW}
the set MQ(ZZO[XW]) is also a semiring for the usual sum and product of
matrices. It follows that Ly € Zzo[xmil] and by Theorem 5.11, X1, = L.
This proves the corollary. ]

is a semiring for the usual sum and product. Thus,

This corollary was also obtained by Cerulli and Poettering [51, 19].

Corollary 6.5. Let By be a cluster-tilted algebra, then X1, € Zzo[xmil} for
any string Br-module M. O

We now provide a new proof of Fomin and Zelevinsky positivity conjecture for
cluster algebras arising from unpunctured surfaces. We first set some notations.
If (S, M) is a bordered marked surface, Fomin, Shapiro and Thurston associated
to any triangulation T' of (S, M) a quiver Qr [28]. For any semifield P and any
(Qr)o-tuple y of elements of P, we denote by o/ (Qr,xq.,y) the cluster algebra
with initial seed (Qr,xq.,y) (see [30]). Such a cluster algebra does not depend on
the choice of the triangulation T' of (S, M), up to an isomorphism of ZP-algebras
[28]. Tt is called the cluster algebra arising from the surface (S, M) and is denoted
by <7 (S, M).

For this class of cluster algebras, Fomin and Zelevinsky positivity conjecture
amounts to saying that any cluster variable z in 7 (S, M) belongs to ZZOP[Xgﬂ
for any choice of triangulation I' [29, §3]. We now provide a new independent
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representation-theoretical proof of the positivity conjecture for cluster algebras aris-
ing from unpunctured surfaces.

Corollary 6.6. Let (S, M) be an unpunctured surface. Then the positivity conjec-
ture holds for <7 (S, M) equipped with an arbitrary choice of coefficients.

Proof. Using Fomin-Zelevinsky separation formula [30, Theorem 3.7], it is enough
to prove the result for principal coefficients. Let I’ be any triangulation of (S, M)
and let (Qr, Wr) be the quiver with potential associated to this triangulation as in
[2] (see also [41]). Let ¢t = _Z(q, wr) be the corresponding Jacobian algebra which
is finite dimensional [2]. It follows from Corollary 2.11 that the principal extension
(QF, (Qr)j) can be embedded in a realisable quadruple (QF, (Qr)j, €, T). Now,
let z be a cluster variable in 27 (S, M), it follows from Theorem 3.4 that either z
belongs to the initial cluster xg,. or 2 = X7, for some indecomposable rigid Ir-
module M. Since the algebra _Zr is a string algebra, any indecomposable rigid
Jr-module is a string module. Thus, if we set y; = z;» for any ¢ € (Qr)o, it follows
from Corollary 6.4 that

z=XT ¢ Zzo[xmil] C Zsoly ™ xgh] = ZoP[x51]-
O

Remark 6.7. This was already proved in [56] without coefficients and in [55] with
arbitrary coefficients.

6.3. SL(2,Z) and complete Grassmannians of submodules.

Definition 6.8. Given a finite dimensional k-algebra B and a finitely generated
B-module M, the complete Grassmannian of submodules of M is the set

Gr(M)= ||  Gre(M).

ec€ Ky(mod-B)

Since M is finite dimensional, all but finitely many Gre(M) are empty so that
Gr(M) is a finite disjoint union of projective varieties. It is thus endowed with a
structure of projective variety and we can consider its Euler-Poincaré characteristic
X(Gr(M)) = > o X(Gre(M)) € Z.

For modules over hereditary algebras, these numbers can be computed with
friezes, as shown in [4, §4]. Here we prove that, for string modules over 2-Calabi-
Yau tilted algebras, these numbers can be computed with products of matrices in
SL(2,7Z).

If Q is any quiver, for any 8 € @1, we define two matrices in SL(2,7Z) :

o) =| 7 7] amaaen=| g 1]

and for any walk c =c¢; - ¢, in Q, we set

=[1.1] <Zf[1a(ci)> { ' } N,

Finally, if ¢ is a walk of length 0, we set [, = 2.

Proposition 6.9. For any string module M over a 2-Calabi- Yau tilted algebra, we
have

X(Gr(M)) = ls(ar).-
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Proof. Let B be a 2-Calabi-Yau tilted algebra and let M be a string B-module. By
definition, there exists a realisable quadruple (Q, 0,4, T) such that B = End4/(T).
According to Theorem 5.11, we have

1
XL = —— L.
XQM

Consider the surjective morphism of Z-algebras.

] ZLxq) — L
p: x; +— 1 forany i€ Q.

Then it follows from the definition of the cluster character that p(X3,) = x(Gr(M)).
We now prove that p(Las) = ls(ar)- If the string s(M) of M is of length zero, M
is simple and thus

xX(Gr(M)) = x(Grig)(M)) + x(Grpag (M) = 14+ 1 =2 = s

Otherwise, we write s(M) = ¢1 -+ ¢, with n > 1. Then, for any i € {1,...,n}, we
have p(A(c;)) = a(e;) and p(Ve(s(c;))) = p(Ve(t(e;))) is the identity matrix. Since
p is a ring homomorphism, it induces a ring homomorphism at the level of matrices
and thus p(Lys) = p(L.) = l.. Since p(ﬁ) =1, it follows that

Q

xX(Gr(M)) = p(X3;) = p(Lar) = ls(ar)

and the proposition is proved. (I

Example 6.10. Let (S, M) be an unpunctured surface. Let T" be a triangulation of
(S, M), let (Qr,Wr) be the quiver with potential associated to this triangulation
and let ¢t = _Zo. wp) be the corresponding Jacobian algebra. Then for any
string module M over _Zr, we have x(Gr(M)) = lsar).

Remark 6.11. If a marked surface (S, M) has punctures, Labardini also associated
a quiver with potential (Qr, Wr) to any triangulation T of (S, M) [41]. Nevertheless,
it may be that the Jacobian algebra # . wy) is infinite dimensional, in which case
Theorem 5.11 may not be used any longer. It was nevertheless observed by Lasnier
that, in the case of the one-punctured torus (where the Jacobian algebra #r is
infinite dimensional), Euler-Poincaré characteristics of complete Grassmannians of
submodules of string _#p-modules may still be computed with a formula similar
to M+ Igar) [42]. Tt would thus be interesting to also investigate the case of
infinite dimensional Jacobian algebras using for instance the methods provided by
Plamondon [50].

7. MORE ABOUT THE NORMALISATION

We now describe some situations in which the normalisation can be omitted or
computed combinatorially.

7.1. The hereditary case. We first observe that the normalisation can be omitted
in several cases.

Lemma 7.1. Let (2,F,€,T) be a realisable quadruple and let M be an unfrozen
string module. If the full subcategory of mod-Br formed by modules which are
supported on supp(M) is hereditary, then ny = 0.
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Proof. Let i € supp(M),, since M and S; are supported on supp(M), the Euler
form (S;, M) only depends on the dimension vectors. But since Qs is acyclic,

Zje«bo‘l(i) <Sj, M> also only depends on the dimension vectors, it thus follows that
(M) = 3 a1 s <Sj, 1\7> and thus ny; = 0. .

Corollary 7.2. Let (2,F,%,T) be a realisable quadruple such that By is heredi-
tary. Then ny; = 0 for every unfrozen string module M. O

7.2. The maximal factor method for modules over cluster-tilted algebras.
For any walk c in a locally finite quiver @) we set

No=[11] (HA@Z»)Xc(t(ci))) LS

so that (1.1) becomes
1

Le=m—
Hi:O Lt(e,)

N..
Let 1. € N@0 be such that

Ne = x5 Pe(xq)
with P.(xq) not divisible by any z; with ¢ € Qo.

Let € be a cluster category, T =11 @ --- @ T, be a tilting object in €, then
Br = End¢(T) is a cluster-tilted algebra and we denote by @ its ordinary quiver.
Then (Q,0,%,T) is a realisable quadruple and every Br-module is unfrozen.

We now prove that for such modules, we can compute the normalisation combi-
natorially :

Proposition 7.3. Consider the above notations and assume moreover that
End¢(T;) ~ k for any i € {1,...,n}. Then for every rigid string Br-module
M we have ny = ngar)-

Proof. For any Laurent polynomial L(z1,...,2,) € Z[mfl, ..., z1, we denote by
d(L) € Z™ its denominator vector, that is, the unique vector (dy,...,d,) such that
L(zy, ..., xn) = f(@1,.. . 20)/ [y 2% where f(xy,...,2,) is a polynomial not

divisible by any z;.
Since Endg(T;) ~ k for any i € {1,...,n}, it follows from [13] (see also [25])
that for any indecomposable rigid Bp-module

§(X3y) = (dim Home (T3, M))1<i<n

where M is an indecomposable rigid object in € such that Home (T, M) = M.
Since Hom¢ (T, —) induces an equivalence of categories ¢'/(add T'[1]) ~ mod-Br,
it follows that
8(X3y) = (dim Homp, (P, M))1<i<n
where P; is the indecomposable projective Bp-module at the point ¢. For any
i€ {1,...,n}, the dimension of Homp,. (P;, M) is the multiplicity of the simple Bp-
module S; as a composition factor of M. If M is a string module, this multiplicity is
also equal to the number of occurrences of i along the string s(M). Thus, if s(M) =
¢1 -+ Cp, the denominator of X7, in its irreducible form is equal to [];_, Ti(cy)-
On the other hand the denominator of Lj; (in its irreducible form) is
x0TI @y(c,). Now it follows from Theorem 5.11 that X7, = 7Ly and
thus the denominators coincide, that is to say nas = ns(ar)- O
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8. EXAMPLES

8.1. A first example in type A,. We start with a very simple and detailed
example which is nevertheless instructive in order to understand the behaviour of
the normalisation.

We consider the frozen quiver (2, F') where

and F = {3}.
The corresponding cluster algebra is of geometric type with initial seed (x,y, B)
where x = (z1,22), y = (z3) and

0 1
B=| -1 0
1 -1

Its unfrozen part @ is of Dynkin type As. Note that 2 is the ordinary quiver
of a cluster-tilted algebra of type Az whose relations are af = v = ya = 0. Thus
(2, F) can be embedded in a realisable quadruple (2, F, %, T) where % is a cluster
category of type As. There are three indecomposable modules supported on Q
which are the simple S7, the simple Sy and the projective k@Q-module P; and all
these modules are string modules.

Since (2, F) is not blown-up (there are two arrows entering or leaving the frozen
point 3), we cannot simply apply Theorem 4.1. So we apply Theorem 5.11, which
means that we need to consider normalising vectors.

The string of S; is e; and thus, applying formula (1.1) to S, we get Lg, = 2E22.
The quiver @; is 37— v;— 2% and thus it is easily computed that ng, = 0
so that Xg, = Lg, which is indeed the cluster variable in &/ (2, F) corresponding
to the simple module S;. We similarly prove that X, = Lg, = 152,

The case of P is slightly more instructive. We apply the matrix formula and we
get Lp, = W We can now use Proposition 7.3 in order to conclude that
the normalising factor is z3 but we do the computation in order to see the blow-up
technique working. The quiver supp(P;) is 2 itself. Its blow-up along Pj is thus
Qp, : 37— v;—>vy—> 352 and M is the representation Py : 0—s k % k— 0.
We compute that
Ly, L3vi1 + Ty, Tys:2 + T3vi1 T 3852

Loy Loy,
so that the morphism 7 sending x,, t0 1, Ty, to 2 and x3v1, 382 to x3 satisfies
W(ZM) = Lj;. And computing directly, or applying Theorem 4.1, we get XJ'\Z =
Lg, .

The normalisation of M is ny; = (0,0,1) (see Example 5.8) so that we get Xp, =
L p = % which is indeed the cluster variable in <7 (2, F) corresponding

T3 1
to this module.

Lp =

8.2. Regular cluster variables in type A. Let Q@ be a euclidean quiver of type
A equipped with an acyclic orientation. In [5, Theorem 4], the authors provided a
combinatorial formula for expressing all but finitely many cluster variables in the
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coefficient-free cluster algebra associated to ). The cluster variables they computed
correspond in fact to the cluster characters associated to indecomposable postpro-
jective kQ°P-modules. Dualising their methods, it is possible to compute the cluster
characters associated to indecomposable preinjective kQ°P-modules. Their meth-
ods do not allow to compute the remaining cluster variables, namely those which
correspond to regular rigid kQ°P-modules. We now use Theorem 4.1 to complete
the formula and compute cluster variables associated to regular modules.

It is known that the Auslander-Reiten quiver of mod-k@Q°P contains at most
two exceptional tubes (that is, tubes of rank > 2) and all the rigid indecomposable
regular modules belong to these tubes. Every indecomposable regular module (rigid
or not) in such a tube is a string module and its string may be completely described.
For simplicity, we only compute the cluster variables associated to quasi-simple
regular modules in such tubes, this can easily be extended to any module in one
of the exceptional tubes. It is well-known (see for instance [4, §5.2]) that any such
module is of the form

1 1 1k 1
.0 0 k k Kk koL k k k k 0 0--..
so that, if we depict locally the quiver Q°P by
0 1 aq 9 a2 a'rL*Zn_lanfl n ’I’L—|—1~-',

the string is ¢ = a3 - - - 1 and we compute
n—1
1 0 H e ! 1 0 1
Zo i=1
LC = —— 1, 1 n— n n— :
H?jllwi[ ][0 1] ZIHi:lxi Hl [0 l‘n+1H1]
= 1= T "
J i=1

j=1
Now, if M(c) denotes the quasi-simple regular module associated to the string c,
then it follows from Lemma 7.1 that L. is the cluster character corresponding to
the module M (c) and thus, is a cluster variable in the cluster algebra <7 (Q,0).

TjTj41

8.3. An example for the n-Kronecker quiver with principal coefficients.
Let n > 2 and let KEP be the quiver

1 2/
KSP : 1 *n>2

where 1 > 2 means that there are n arrows from 1 to 2. We set F' = {1/,2} so that
KPP is the principal extension of the n-Kronecker quiver K,,. We fix two arrows
among the n arrows going from 1 to 2 which we denote by « and g.

For any p > 1, we define a string representation M? of K,, by setting M?(1) = kP,
MP(2) = kPt MP(a) = 1ye © 0 and MP(B) = 0 ® 1x» and we view MP as a
representation of KPP which is supported on the unfrozen part K,,. For any p > 1,
the string s(MP) is (a~!3)P so that it has length 2p.

We write y; = 1 and yo = zo,. Then, a direct computation shows that

1 1 0 yi+ad oyt )01
87) Layp = ——— 1,1 - 2 1 .
®.7) La Dbt [ ) { 0 yoxy ™ } { Y121 Y1y2x7 T
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Applying Corollary 2.11, we see that there exists a realisable quadruple
(KEP (Kp),, €, T). Since KPP is acyclic, it follows from [39] that Br is hereditary
and thus, Lemma 7.1 implies that the normalisation vanishes. Thus, X1, = Ly
is given by the formula (8.7) for every p > 1.

8.4. Cyeclic cluster-tilted algebras of Dynkin type D. Let B be the quotient
of the path algebra of the quiver

Q: 1 2 3 n

by the ideal generated by all paths of length n — 1. Here we suppose that n > 3.
B is a cluster-tilted algebra of type D, if n > 4 and a cluster-tilted algebra of type
2

Ag if n = 3. Let M be the indecomposable module given by the Loewy series 3 ,

where 2 < m < n.

Proposition 8.1. Let Q denote the above quiver and let (2, F,€,T) be a realisable
quadruple with unfrozen part Q. For any i € Qy, let, as in Section 4.1,

Yi = H Tsa) ond z; = H Ti(a)-
ac2,(F,1) a€2(i,F)

Let M be as above. Then

m 14 m

T122 " Tm41 1

(8.8) Ly =) ——"= (H y) ( 1T z> o

= e i=2 iml+1 | JEEY
if m < n; and if n = m then Ly is given by (8.8) divided by x;.
Proof. We proceed by induction on m. If m = 2, then M is simple and L), is given

by the exchange relation

1
(8.9) Ly = (21y2 + 2322) .

On the other hand, (8.8) gives

T1XoX: T1T2X 1
(1232+ 123y2>

2
X1T2 ToX3 X9 ’

which is equal to the right-hand side of equation (8.9).
Suppose now that m > 2. Let Nj; be the numerator of the Laurent polynomial
Ljs. Our formula gives Njs as the product of 2m — 1 matrices :

z9 0 T 0 zZm 0 Tm+1
o Coal[Gg [T LU )
The product of the last three matrices in (8.10) is equal to

TmTm+12m _ | Tm . _— 0 .
Tt 12m + Tm_1Ym 1 m+12m 1 m—1Ym-

Let us denote the product of the first 2m — 4 matrices by [ a b ], SO

S Ca 01 ([5 Jomein + [ o).
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Now let M’ be the indecomposable module given by the Loewy series

m—1
Then, our formula gives N as a product of 2m — 3 matrices, and the first 2m — 4
matrices are just the same as the first 2m — 4 matrices in (8.10), and therefore

Ny = [ a b][ﬁ"}

Thus
Ny = Nypr pg12m + [ a b ] |: (1) :|xm1yma
which, by induction, is equal to
m—1 m—1
Z A Hyz H Zi | Tm1Zm t T H Yi | Tm—1Ym,
= e =041 Lm—1Tm
which in turn is equal to
Z 7@@“1 Hyz H zZi | + 7xmxm+l Hyz )
=1 e i=2 i=f+1 i=2
and this shows the formula (8.8). The statement for m = n follows from the
normalising factor. O
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